
Sample Problems for Final Exam (Part I)

1. The sample problems for the sixth, seventh and eighth quizzes will also be a part of the
final exam except for the problem on the hat game.

2. (a) Compute (X3 +X2 + 1)(X3 +X + 1) based on modulo-2 arithmetic.

(b) Compute (X3 +X2 + 1)(X3 +X + 1) based on modulo-4 arithmetic.

Note: Under modulo-q arithmetic,

a+ b = (a+ b)mod q and ab = (ab)mod q

for a, b ∈ {0, 1, 2, . . . , q − 1}.
Note: In code designs, modulo-2m arithmetic is sometimes used such that a more
compact expression for the code polynomial can be obtained.

3. Suppose information is transmitted over the Z channel with 0 < ε < 1 as shown below.
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Assume that the three-times repetition code {000, 111} is adopted, and each codeword is
used with equal probability. Is the minimum Hamming distance decoder (i.e., decoding
based on the coset leaders) optimal over the Z-channel? Justify your answer.

Hint: The optimal decoder is the maximum-likelihood decoder in Slide 10-71.

4. (Properties of cyclic code) In the proof of the theorem: A cyclic code is a special type of
polynomial codes with g(X) dividing (Xn + 1), we first show that

X ic(X) = c(i)(X) + q(i)(X)(Xn + 1)

where

c(i)(X) = cn−i + cn−i+1X + · · ·+ cn−1X
i−1 + c0X

i + c1X
i+1 + · · ·+ cn−i−1X

n−1

and
q(i)(X) = cn−i + cn−i+1X + · · ·+ cn−1X

i−1.

We then use c(X) = a(X)g(X) and c(i)(X) = a(i)(X)g(X) to obtain

q(i)(X)(Xn + 1) = [X ia(X)− a(i)(X)]g(X).
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The above derivation is true for i = 1, 2, . . . , n− 1; hence we have




q(1)(X)︸ ︷︷ ︸
degree 0

(Xn + 1) = [Xa(X)− a(1)(X)]︸ ︷︷ ︸
degree≤k

g(X)︸ ︷︷ ︸
degree n−k

q(2)(X)︸ ︷︷ ︸
degree≤1

(Xn + 1) = [Xa(X)− a(2)(X)]︸ ︷︷ ︸
degree≤k+1

g(X)︸ ︷︷ ︸
degree n−k

...

q(n−1)(X)︸ ︷︷ ︸
degree≤n−2

(Xn + 1) = [Xa(X)− a(n−1)(X)]︸ ︷︷ ︸
degree≤k+n−2

g(X)︸ ︷︷ ︸
degree n−k

(a) Show that if the degree of g(X) is no less than 1, then 1+0·X+0·X2+· · ·+0·Xn−1 = 1
cannot be a code polynomial of a cyclic code.

Note: In other words, non-zero codewords of cyclic codes must have at least two 1’s.

(b) Noting that X4 + 1 = (X + 1)2(X2 + 1), we let n = 4 and g(X) = X2 + 1 . List all
the code polynomials for this cyclic code. Check whether the circular shift of every
codeword is a codeword.

(c) Show for every non-zero code polynomial c(X) we select, one of q(1)(X), q(2)(X) and
g(3)(X) must be 1.

Note: Base on this observation, a more specific argument to prove that a cyclic code is
a special type of polynomial codes with g(X) dividing (Xn +1) is that for this specific
q(i)(X) = 1, we have

(Xn + 1) = [X ia(X)− a(i)(X)]g(X),

which straightforwardly implies g(X) dividing Xn + 1.

5. (a) For the convolutional code,

fill in the code bits inside the red-color parentheses on the code trellis below.
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(b) Draw the state diagram and signal graph of this convolutional code, and determine
the free distance of this convolutional code.

(c) If the received vector is equal to 11 00 01 00 . . ., give the four survivor paths up to
level 4.
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