
Additional Class Note: Some students do not sense the difference
between the (time-averaged) power spectrum densities (PSDs) of BFSK and
BPSK from the figure on Slide 6-133, in particular the former decays as fast
as 1/f 4 while the latter approaches zero at a speed of 1/f 2. Let me re-draw
the figure in log-log scale, by which you will see BFSK decays at the speed of
−4 log(f) while BPSK at the speed of −2 log(f) only. Usually, we are more
concerned about the “relative” value of the PSD with respect to f = 0, so I
plot the below functions with x-label “Tbf”:
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The above figure shows that the purple curve has the largest main lob but
decays much faster than the other three curves.
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Sample Problems (3rd quiz)

1.

s(t) �
Linear time
invariant
filter h(t)

� x(t)

(a) Under Tin > Tfilter, determine the output x(t) if

s(t) =

{
a, 0 ≤ t < Tin;

0, otherwise
, and h(t) =

{
1, 0 ≤ t < Tfilter;

0, otherwise.

Hint: The solution should be of the form

x(t) =



v1, t < t1;

v2, t1 ≤ t < t2;

v3, t2 ≤ t < t3;

· · · , · · ·

(b) Determine Tout := min{t ∈ � : x(t) = 0 and t > 0}. Is Tout a
function of a? Is x(t) a function of a.

2. The transfer function of a Hilbert transformer is −jsgn(f). Let p̂(t)
be the Hilbert transform of p(t) and let P̂ (f) and P (f) be respectively
the Four transforms of p̂(t) and p(t).

(a) Express P̂ (f) as a function of P (f).

(b) What is the transfer function of an inverse Hilbert transformer?

Note: In determining the inverse Hilbert transform, the value at
f = 0 is often neglected.

(c) If P (f) is real-valued, is P̂ (f) also real-valued? How about jP̂ (f)?

(d) Give an example that
∫∞
−∞ f(t)g(t)dt = 0 but

∫∞
−∞(f(t)�h(t))(g(t)�

h(t))dt �= 0, where “�” is the convolution operation.

Hint: Problem 1, in which h(t) makes Tout > Tin.

Note: The statement that
∫∞
−∞ f(t)g(t)dt = 0 implies

∫∞
−∞(f(t) �

h(t))(g(t) � h(t))dt = 0 is in general not true. A situation that
validates the statement is that g(t) is the Hilbert transform of
f(t).
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3. For a binary FSK signaling scheme defined by

s(t) =
∞∑

k=−∞
g(t− kTb) cos

(
2πfct+ Ik

πh

Tb

t

)
, (1)

where Ik ∈ {±1} and g(t) =

{
1, 0 ≤ t < Tb;

0, otherwsie
. Suppose f1 = 1.81

MHz and f2 = 1.79 MHz.

(a) Give an example of fc, h and Tb values that satisfy Equation (??).
Is the value of fc unique? Is the value of h unique? Is the value
of Tb unique?

(b) If we additionally require “memoryless”, “continuous phase” and
“coherent orthogonality between two waveforms corresponding to
f1 and f2 over [nTb, (n + 1)Tb) for all integers n”, what is the
condition for the choice of h, provided fcTb is an integer?

Hint: Discontinuity can only occur at t = nTb; thus, we require
limt↑nTb

s(t) = s(nTb) for arbitrary In−1 and In and for arbitrary
integer n.

4. For a binary FSK signaling scheme defined by

s(t) =
∞∑

n=−∞
g(t− nTb) cos

(
2πfct+

n−1∑
k=−∞

Ikπh+ Inπh

(
t− nTb

Tb

))
,

(2)

where In ∈ {±1} and g(t) =

{
1, 0 ≤ t < Tb;

0, otherwsie
. Suppose f1 = 1.81

MHz and f2 = 1.79 MHz.

(a) Give an example of fc, h and Tb values that satisfy Equation (??).
Is the value of fc unique? Is the value of h unique? Is the value
of Tb unique?

(b) If we additionally require “memoryless”, “continuous phase” and
“coherent orthogonality between two waveforms corresponding to
f1 and f2 over [nTb, (n + 1)Tb) for all integers n”, what is the
condition for the choice of h, provided fcTb is an integer?

Hint: Discontinuity can only occur at t = nTb; thus, we require
limt↑nTb

s(t) = s(nTb) for arbitrary In−1 and In and for arbitrary
integer n.
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