
Sample Problems (7th quiz)

First, let me emphasize an abuse of notations in the information theory
area. The two notations H(X) and Hb(p) (sometimes H(p)) are different.
The former denotes the entropy of a random variable X, while the latter
is the “binary entropy function” as a function of p. The so-called “binary”
entropy function has only one parameter p (sometimes, using ε in our slides)
due to that the two binary outcomes must be of probability either p or (1−p).

1. Prove that among all random variables X with mean µ and variance
σ2, the differential entropy h(X) is maximized by Gaussian.

2. Suppose Yn = Xn + Zn for n = 1, 2, . . ., where Xn and Yn are indepen-
dent channel input and output, respectively, and {Zn}∞n=1 is indepen-
dent and identically Gaussian distributed with mean zero and variance
σ2.

(a) Show that subject to the power constraint of E[X2
n] ≤ P , the

channel capacity is given by

C = max
PXn :E[X2

n]≤P
I(Xn; Yn) =

1

2
log2

(
1 +

P

σ2

)
.

Hint: Use h(Yn|Xn) = h(Zn), and derive based on

max
PXn :E[X2

n]≤P
I(Xn : Yn) = max

PXn :E[X2
n]≤P

h(Yn)− h(Zn).

Note: This is called the channel capacity for (continuous-input)
AWGN channels.

(b) Give that P = EbR and σ2 = N0

2
, where Eb is the signal energy

per information bit (Joule per information bit) and R is the code
rate (information bits per channel usage). Transform the capacity
formula in (a) to a function of R and Eb/N0.

(c) For half-rate codes (i.e., R = 1/2), find the largest lower bound of
Eb/N0 that can achieve reliable (i.e., with arbitrarily small error)
transmission.

Hint: R < C.

(d) Construct an half-rate code of length 4 for this channel subject to
the averaged power constraint P = 1 (i.e., 1

4
(x2

1+x2
2+x2

3+x2
4) ≤ 1).

Hint: Based on R = 1/2 information bits per channel usages, we
must transmit 2 information bits in a block of 4 channel usages.
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3. (a) Lempel-Ziv-encode the sequence 101101010100001001010010101.

Hint: For consistence, the first string ‘1’ should be encoded as the
index of the null string (i.e., ‘0000’) plus ‘1’.

(b) Lempel-Ziv-decode the sequence

0000100000000110010101000000100010001000100010111110001

where the decoder knows (and only knows) that the index is four-
bit in length.

4. (a) Suppose a lossy data compression is performed as follows.


0000 → 0000

0001 → 0000

0010 → 0000

0011 → 0000

0100 → 0000

0101 → 0000

0110 → 0000

0111 → 0000

1000 → 0011

1001 → 0011

1010 → 0011

1011 → 0011

1100 → 1100

1101 → 1100

1110 → 1111

1111 → 1111

Let the input sequence X4 = X1X2X3X4 ∈ {0, 1}4 be uniformly
distributed. Denote the compressed output by Y 4 = Y1Y2Y3Y4.
Determine the averaged entropy H(X4) and the averaged entropy
H(Y 4). Is H(Y 4) < H(X4)?

Hint: X1, X2, X3 and X4 are independent and identically dis-
tributed with Pr[X1 = 0] = Pr[X1 = 1] = 1

2
.

(b) Given that the distortion measure is additive, i.e., d(X4, Y 4) =∑4
i=1 d(Xi, Yi), and assumed the Hamming distortion measure,

d(xi, yi) =

{
0, xi = yi;

1, xi �= yi
.
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what is the average distribution E[d(X4, Y 4)] for the lossy data
compression in (a)?

(c) Let D be the answer to (b). Compute the rate distortion function
R(D) using the formula in Slide 9-94.

(d) Design a Huffman code for Y 4 and compute the average codeword
length. The data compression rate of the scheme in (a) can be
defined as the average Huffman codeword length of Y 4 against
H(X4) = 4 bits. Is the data compression rate of the scheme in
(a) higher than R(D), where D is given in (b)?
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