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Abstract— Due to the growing interest in applying tail-biting
convolutional coding techniques in real-time communication sys-
tems, fast decoding of tail-biting convolutional codes has become
an important research direction. In this paper, a new maximum-
likelihood decoder for tail-biting convolutional codes is proposed.
It is named bidirectional priority-first search algorithm (BiPFSA)
because priority-first search algorithm has been used both in
forward and backward directions during decoding. Simulations
involving the antipodal transmission of (2, 1, 6) and (2, 1, 12)
tail-biting convolutional codes over additive white Gaussian noise
channels shows that BiPFSA not only has the least average decod-
ing complexity among the state-of-the-art decoding algorithms
for tail-biting convolutional codes but can also provide a highly
stable decoding complexity with respect to growing information
length and code constraint length. More strikingly, at high
SNR, its average decoding complexity can even approach the
ideal benchmark complexity, obtained under a perfect noise-free
scenario by any sequential-type decoding. This demonstrates the
superiority of BiPFSA in terms of decoding efficiency.

Index Terms— Tail-biting convolutional codes, maximum-
likelihood decoding, convolutional codes, viterbi algorithm.

I. INTRODUCTION

IN DIGITAL communications, convolutional codes have
been used widely to provide effective error protection

capability. In order to clear the content of shift registers
such that the encoding of the next information sequence can
proceed directly without reinitialization, a suitable number of
zeros, which are sufficient to fill up and hence reset the shift
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registers, are often appended at the end of an information
bitstream to be encoded. In practice, this facilitates the design
of decoding algorithms since the initial state of encoding shift
registers is always certain for each information sequence and
hence the decoder can always start the decoding process from
the same root node of a code tree or a code trellis. As a
side benefit, these zero tail bits can also enhance the error
protection capability of convolutional codes. Such a perfor-
mance enhancement, however, may be seriously diminished if
a significant loss in code rate is introduced due to these zero
tail bits particularly when the information sequence is short.

In the literature, several methods have been proposed to
mitigate the code rate loss of the aforementioned (short-
length) zero-terminated convolutional codes such as direct
truncation and puncturing [1]. Alternatively, the so-called tail-
biting convolutional codes [2]–[4] remove the loss in code
rate in its entirety at the expense of the uncertainty introduced
regarding the initial state of encoding shift registers at the
decoder. Unlike a zero-terminated convolutional encoder that
always starts from and ends at the all-zero state, a tail-biting
convolutional encoder only ensures that the initial state and the
final state are the same, where the specific state is decided by
the previous information bitstream. Since any state, including
the all-zero state, can be the initial state of a tail-biting convo-
lutional encoder, the size of the space of possible transmissions
that a decoding search needs to examine is multiplied by the
number of possible states of encoding shift registers; therefore,
the decoding complexity is dramatically increased.

Similar to the decoding of a zero-terminated convolutional
code, the decoding of a tail-biting convolutional code is
performed on a trellis, over which a codeword corresponds
to a path that starts from and ends at the same state (but not
necessarily the all-zero state). For convenience, the paths with
the same initial and final state on a tail-biting convolutional
code trellis are referred to as tail-biting paths. Since there is a
one-to-one correspondence between codewords and tail-biting
paths, the two terms are often used interchangeably.

Let the number of all possible initial states (equivalently,
final states) of a tail-biting convolutional code trellis be
denoted by M . Then, the trellis can be decomposed into M
subtrellises that have the same initial and final states. By fol-
lowing the previous naming convention, these subtrellises
are called tail-biting subtrellises, or simply subtrellises if no
ambiguity arises from such an abbreviation. For convenience,
we will denote a tail-biting convolutional code trellis by T
and its i th subtrellis by Ti , where 0 ≤ i ≤ M − 1.
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It is clear that the decoding complexity of a tail-biting convo-
lutional code will have a many-fold increase in comparison
to that of a zero-terminated convolutional code of equal
size, since all tail-biting paths in each subtrellis must be
examined.

In order to reduce decoding complexity, several suboptimal1

decoding algorithms for tail-biting convolutional codes have
been proposed in the literature [2], [3], [5]–[7], among which
the Wrap-Around Viterbi Algorithm (WAVA) has the least
decoding complexity [2]. As its name reveals, WAVA itera-
tively applies Viterbi Algorithm (VA) onto the trellis of a tail-
biting convolutional code in a wrap-around fashion. During
its execution, WAVA traverses not only the tail-biting paths
but also those paths that start from and end at different states;
hence, it may output a path corresponding to none of the code-
words. Accordingly, at the end of each iteration, it examines
whether or not the final output is a tail-biting path. If the output
path is not a tail-biting path and the number of iterations is
less than the maximum number of iterations allowed, another
iteration is launched with the metrics of survivor paths in the
previous iteration being the initial metrics. As a result, WAVA
can be equivalently regarded as an application of VA onto an
extended trellis, which is formed by a pre-specified number
of trellises that are connected one after another in a tandem
fashion. It has been shown by simulations that wrapping
around at most four trellises is sufficient to obtain a near-
optimal performance [2].

Under certain special code rates, a tail-biting convolutional
code can be equivalently transformed to a quasi-cyclic (QC)
code [5], [8]. Decoding of a tail-biting convolutional code
can thus be performed over the trellis of equivalent QC code.
Since the trellis size of an equivalent QC code usually has
a multi-fold increase in comparison with that of the corre-
sponding tail-biting convolutional code, suboptimal decoding
algorithms, of which decoding complexities are less impacted
by trellis size, are preferred. Some examples of such decoding
algorithms are ordered statistics decoding algorithm [9] and
box-and-match algorithm [10].

In situations where exact maximum-likelihood (ML) decod-
ing performance is required, WAVA is no longer a suitable
choice because it does not guarantee that the ML tail-biting
path will be found. By performing VA on all tail-biting
subtrellises, the ML tail-biting path can be obtained in a
straightforward manner; however, such a brute force approach
is impractical due to its high computational complexity.

In 2005, Bocharova et al. proposed an ML decod-
ing algorithm for tail-biting convolutional codes, which
is named Bidirectional Efficient Algorithm for Searching
Trees (BEAST) [11]. Conceptually, by operating over all tail-
biting subtrellises, BEAST explores, repetitively and simulta-
neously in both forward and backward directions, those nodes
that have their decoding metrics below a certain threshold
on each subtrellis. It keeps increasing the threshold at each
step until an ML path is found. Simulation results provided

1Optimal decoder in this work referrs to a maximum-likelihood (ML)
decoder. It is well-known that when codewords are used equally probably,
an ML decoder minimizes the average probability of decoding error and hence
is optimal.

in [11] show that BEAST is very efficient at high signal-to-
noise ratios (SNRs).

One year later, another ML decoding algorithm
for tail-biting convolutional codes was proposed by
Shankar et al. [12], which we refer to as Creative Maximum-
Likelihood Decoding Algorithm (CMLDA). CMLDA has
two phases. The first phase applies VA onto the trellis of
a tail-biting convolutional code to extract certain trellis
information. Based on the trellis information obtained,
Algorithm A∗ is performed on all subtrellises in the second
phase to yield an ML decision. It has been shown in [12] that
without sacrificing the optimality in performance, CMLDA
reduces the decoding complexity from M executions of
VA on M subtrellises, as required by a brute force approach,
to approximately 1.3 VA executions. To further improve
CMLDA in terms of decoding complexity, Han et al. [13] and
Pai et al. [14] redefine the heuristic function given in [12] and
replace its Algorithm A∗ in the second phase by Priority-First
Search Algorithm (PFSA). PFSA improves CMLDA in both
average and maximum decoding complexities, particularly
in the second phase [13], [14]. Nevertheless, the overall
decoding complexities of both CMLDA and PFSA are
dominated by their first-phase decoding complexities and are
bounded from below by one VA execution over the trellis of
tail-biting convolutional codes because they still retain the
use of VA in their first phase.

In 2015, Qian et al. proposed a novel two-phase depth-first
ML decoding algorithm, named Bounded Search (BS) [15].
It conceptually operates a depth-first search on the trellis
in the first phase to hopefully rule out most subtrellises.
Then, in the second phase, a bidirectional search algorithm is
performed on the remaining subtrellises. Similar to other two-
phase decoding algorithms, BS gives a low average decoding
complexity at high SNRs.

In this paper, a new maximum-likelihood (ML) Bidirec-
tional Priority-First Search Algorithm (BiPFSA) for tail-biting
convolutional codes is proposed. Unlike other existing works,
BiPFSA first performs PFSA on the backward trellis, and
then applies PFSA again on all subtrellises in a forward
manner based on the information retained from the previous
phase. In order not to compromise the optimality in perfor-
mance, a new ML decoding metric and a new evaluation
function that are used respectively to guide the priority-first
search in the first and second phases are elaborately devised
in this work. Simulation results obtained by antipodally
transmitting (2, 1, 6) and (2, 1, 12) tail-biting convolutional
codes over AWGN channels show that the average decoding
complexity of BiPFSA is considerably less than those of
BEAST [11], PFSA [13] and BS [15] at all SNRs simulated.
Even though BiPFSA guarantees to achieve the optimal per-
formance whereas WAVA does not, BiPFSA is less complex
in average decoding complexity compared to the near-optimal
WAVA [2].

The rest of the paper is organized as follows. Section II
introduces BiPFSA. Section III proves the optimality of
BiPFSA. Section IV investigates by simulations the com-
putational effort of BiPFSA over additive white Gaussian
noise (AWGN) channels. Section V concludes the paper.
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II. BIDIRECTIONAL PRIORITY-FIRST SEARCH

ALGORITHM (BIPFSA)

Let C∼ represent a binary (n, k, m) tail-biting convolutional
code with kL information bits, where k information bits are
mapped to n code bits through linear convolutional circuitry
with constraint length m. Such a system is sometimes referred
to as [N, K , dmin] = [Ln, Lk, dmin] block code since an
(n, k, m) tail-biting convolutional code is also a block code of
size 2kL and length nL, where dmin is the minimum pair-wise
Hamming distance of this code. The trellis T of the tail-biting
convolutional code C∼ has M = 2m states at each level, and is
of L + 1 levels. Although only the tail-biting paths, which are
required to have the same initial and final state, correspond
to codewords of C∼, we introduce an auxiliary super code C∼sup
that consists of all binary words corresponding to paths on the
trellis of C∼. In other words, the paths considered in C∼sup can
start from and end at different states.

Denote a binary codeword of C∼ by v � (v0, v1, . . . , vN−1).
Define the hard-decision sequence y = (y0, y1, . . . , yN−1)
corresponding to the received vector r = (r0, r1, . . ., rN−1)
as

y j �
{

1, if φ j < 0;
0, otherwise,

(1)

where

φ j � ln
Pr(r j |0)

Pr(r j |1)
(2)

is the log-likelihood ratio (LLR) of the j th component r j , and
Pr(r j |0) and Pr(r j |1) denote the channel transition probabili-
ties given code bits 0 and 1 were transmitted, respectively.

Then, the ML decoding output v̂ = (v̂0, v̂1, . . . , v̂N−1) for
received vector r satisfies

N−1∑
j=0

(y j ⊕ v̂ j )|φ j | ≤
N−1∑
j=0

(y j ⊕ v j )|φ j | for all v ∈ C∼, (3)

where “⊕” is the component-wise modulo-2 addition.
We thereby define a path metric that can be applied universally
to paths over trellis T or subtrellises {Ti }M−1

i=0 as follows.
Definition 1: Let � be a fixed integer satisfying 0 ≤ � ≤ L.

Give a received LLR vector φ = (φ0, φ1, . . . , φN−1) and its
corresponding hard-decision vector y = (y0, y1, . . . , yN−1).
For a path with binary label x(�n−1) � (x0, x1, . . . , x�n−1),
which ends at level � in a graphical structure such as trellis T
and subtrellises {Ti }M−1

i=0 , we define the path metric associated
with it as2

m(x(�n−1)) �
�n−1∑
j=0

m(x j ), (4)

where

m(x j ) � (y j ⊕ x j )|φ j | (5)

is the bit metric of the ( j + 1)th binary label.

2We adopt the convention that the path x(−1) denotes an initial path of zero
length and its corresponding path metric m(x(−1)) is zero.

By this definition, the objective of ML decoding becomes
to output a code path x(Ln−1) in C∼ such that its path metric
m(x(Ln−1)) is smaller than or equal to that of all other code
paths in C∼.

As mentioned in the introduction section, CMLDA and
PFSA perform VA in their first phase, of which the purpose is
to extract specifically designed heuristic information for use in
the second phase. Yet, running VA in the first phase inevitably
induces a flooring constant to the overall decoding complexity,
and this flooring constant that equals one VA execution not
only grows exponentially with respect to the constraint length
of the adopted code but cannot be reduced by increasing
SNRs. Obviously, the only way to break this flooring barrier
in the overall decoding complexity is to replace VA in the first
phase by a search algorithm that is less complex than VA. This
motivates the proposed BiPFSA in this paper.

Since PFSA is a main component of the proposed BiPFSA
to be introduced, a concise description of PFSA is first given.
PFSA is a search algorithm over a graph, in which each edge
is associated with a nonnegative metric, and a path metric
is given by the sum of consecutive edge metrics the path
traverses. In order to find one of the shortest paths from a
start node to a goal node, PFSA traverses along every path,
starting from a start node, in a sequential edge-by-edge manner
while calculating the edge metrics accumulated thus far for
that path. It keeps extending the path hitherto with the smallest
accumulative path metric until an extended path reaches a
goal node.

To that end, a stack (or priority queue) that stores all
accumulative path metrics is maintained in a way that the
smallest one is always on top of the stack. Initially, the stack
contains only those paths that start from and end at the
same start node in the graph. Extending the top path then
corresponds to the action of discarding the top path from the
stack, followed by adding its successor paths to the stack.
A sorting operation is subsequently performed to guarantee
that the one with the smallest accumulative path metric is the
next top path. The procedure is repeated until the next top path
ends at a goal node, by which a shortest path from a start node
to a goal node is found.

When two paths merge or meet during the above search
process, the one with the larger accumulative path metric is
removed from the stack. An efficient way to implement the
removal of one of the two merging paths is to maintain a table,
which records the ending nodes of all paths that have been
extended (equivalently, that have been on top of the stack).
As such, any top path that ends at a node hitherto recorded
in the table is discarded and hence no extension is necessarily
conducted.

In order to guarantee finding a shortest path or to speed
up the search process, certain constraints on path metrics are
imposed and a heuristic estimate about which successor path
of a top path is more promising to lead to a shortest path
ending at a goal node is often included.

As its name reveals, BiPFSA performs PFSA in each of
its two phases. The general task of each phase of BiPFSA is
described as follows.
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• 1st Phase: A backward PFSA, guided by path metrics of
backward paths, is applied to trellis T of super code C∼sup
in a backward manner. Similar to what has been defined
in Definition 1, for a backward path labelled backwardly
with x[�n] � (xN−1, xN−2, . . . , x�n), its path metric is
defined as3

m(x[�n]) �
N−�n∑

j=1

m(xN− j ). (6)

A heuristic function value for each state at each level,
denoted as h�,i for 0 ≤ � ≤ L and 0 ≤ i ≤ M −1, is then
computed as given later in Steps 4 and 8 of backward
PFSA.

• 2nd Phase: A forward PFSA, guided by refined path
metrics of forward paths, is applied on all subtrellises
{Ti }M−1

i=0 of C∼. The refined path metric of a forward path
x(�n−1) = (x0, x1, . . . , x�n−1) is defined as

mref(x(�n−1)) = m(x(�n−1)) + h�, j , (7)

where j is the ending state of this path.
In the implementation of forward and backward PFSAs, two

data structures will be used. They are respectively named Open
Stack and Closed Table. The former stores the paths that have
been visited by PFSA with the top element being the one with
the minimum guided metric. The latter keeps track of those
paths that have been on top of Open Stack at some previous
time. They are so named because the paths in Open Stack can
possibly be extended further and hence remain open, while
those in Closed Table can no longer be extended and thus are
closed for future extension.

It is important to mention that the number of distinct branch
metrics is at most L · 2n ; hence, it is possible to pre-calculate
and store them for later access during the decoding process.
This could sometimes improve the efficiency of the decoding
search.

With the underlying background given above, we now
present the decoding procedures of backward PFSA.

�1st Phase: Backward PFSA�
Step 1. Initialize h�,i = ∞ for 0 ≤ � ≤ L and 0 ≤ i ≤

M−1. Set the current upper bound for path metrics
to be infinity, i.e., cUB = ∞. Denote the backward
path corresponding to path metric cUB by xUB.
Initially set xUB as the null path. Compute all L ·2n

branch metrics and store them for later access.
Step 2. Load into Open Stack all backward paths that start

from a state at level L of trellis T and that ends
at the same state. There are M of them. The path
metrics of these backward paths are all initialized
as zero.

Step 3. Acquire the current top backward path in Open
Stack. Record the top backward path and its path
metric as xTOP and cTOP, respectively. Delete the
top backward path from Open Stack. If xTOP

3We again adopt the convention that the path x[Ln] denotes the initial
backward path of zero length and its corresponding path metric m(x[Ln])
is zero.

Fig. 1. An example of backward PFSA in the first phase for (2, 1, 2) tail-
biting convolutional code with generators 7, 5 (octal) and with L = 5 levels.
The received LLR vector φ = (1.28, 0.99, 0.83, 1.09, −2.04, 0.36, −0.75,
−1.10, −1.23, 1.45). Here, a visited state is the ending state of a path that
has been on top of Open Stack; hence, a visited state is the ending state of
either a top path to be extended further (such as circles with indices 1–4,
7–9, 11–14, 18–19) or a top path that reaches level 0 (such as the circle with
index 21).

reaches level 0 (i.e., ends at a state at level 0),
go to Step 8.

Step 4. Let state i at level � be the ending state of xTOP.
If h�,i is less than infinity, go to Step 3; otherwise,
assign cTOP to h�,i .

Step 5. Obtain the successor backward paths of xTOP on
the trellis, and compute their path metrics accord-
ing to (6). Delete those successor backward paths
with path metrics no less than cUB.

Step 6. If a successor backward path reaches level 0 with
its path metric less than cUB, and it is also a
tail-biting path, then replace xUB and cUB by
this successor backward path and its path metric,
respectively. Repeat this step until all successor
backward paths are examined.

Step 7. Insert the remaining successor backward paths
from Step 5 into Open Stack and re-order the
backward paths in Open Stack such that the top
backward path has the smallest path metric. Go to
Step 3.

Step 8. If xTOP is a tail-biting path, output it as the final
ML decision, and stop BiPFSA without executing
the second phase; otherwise, for all 0 ≤ � ≤ L
and 0 ≤ i ≤ M − 1, assign h�,i = cTOP whenever
h�,i = ∞. Go to the second phase.

An example of backward PFSA in the first phase is given
in Figure 1, where its corresponding evolution of Open
Stack is listed in Figure 2. In this example, we consider a
(2, 1, 2) tail-biting convolutional code of length N = kL = 5
with generators 7, 5 (octal). Upon reception of LLR vector
φ=(1.28, 0.99, 0.83, 1.09,−2.04, 0.36,−0.75,−1.10,−1.23,
1.45), Figure 1 shows how the four initial “single-node”
backward paths, loaded in Step 2, migrate from level 5
to level 0. For a better illustration, we use four different
colors to sketch the traces of these four initial backward
paths and their successor backward paths, respectively. The
accumulative path metric (defined in (6)) of each backward
path is marked above its last branch (i.e., edge). For example,
the accumulative path metric along the backward path
4 → 8 → 13 → 11 is 1.11, and is marked above



HAN et al.: LOW-COMPLEXITY ML DECODER FOR TAIL-BITING CONVOLUTIONAL CODES 1863

Fig. 2. Evolution of Open Stack in Figure 1.

branch 13 → 11 , where the circled numbers are the

indices for nodes. As a result, h2,0 = 1.11.
In Figure 2, the backward paths stored in Open Stack at

each stage are listed. Only the starting node, ending node and
path metric of a backward path need to be recorded.4 For
example, the backward path 4 → 8 → 13 → 11 with
path metric 1.11 appears as the second entry of Open Stack
at stage 10, and is recorded as (11 : 1.11). It can be seen
from Figure 2 that Open Stack initially contains four “single-
node” zero-metric backward paths ending at a node at level 5
(See Stage 1). Then the top backward path (1 : 0.00) was
acquired from Open Stack and was extended to its successor
backward paths (5 : 1.23) and (6 : 1.45). This evolves to
Stage 2, where the two successor backward paths (5 : 1.23)
and (6 : 1.45) had been pushed into Open Stack. Backward
PFSA continues extending the top backward path in Open
Stack until the top backward path (i.e., (21 : 1.11) at Stage 14)
reaches level 0.

After the completion of the first phase, {h�,i}0 ≤ � ≤ L,
0 ≤ i ≤ M − 1, as well as xUB and cUB are retained for
use in the second phase. Notably, h�,i can be regarded as an
estimate of the path metric of a backward path from any state
at level N to state i at level �. By combining this estimate
with the path metric of a forward path that ends at state i
at level � on a subtrellis, an estimate of the overall path
metric of the combined tail-biting path of length N is obtained.
It is reasonable to anticipate that if a good estimate of the
path metric of a tail-biting path is used to guide the forward
priority-first search in the second phase, the ML decision can
be very efficiently obtained. This is the basic idea behind
the design of the second phase of BiPFSA, of which the
algorithmic procedure is given below.

�2nd Phase: Forward PFSA�
Step 1. Clean and reset Open Stack from the first phase.

Re-load into Open Stack all “single-node” for-
ward paths at level 0 of all subtrellises {Ti }M−1

i=0 .
There are M of them. The refined path metrics of
these “single-node” forward paths are respectively

4In this example, we can identify the starting node of a backward path by
the color assigned to its trace and used in representing its entry in Open Stack.

Fig. 3. An example of forward PFSA in the second phase for (2, 1, 2)
tail-biting convolutional code with generators 7, 5 (octal) and with
L = 5 levels. This is continued from the example in Figure 1.

initialized as {h0,i }M−1
i=0 . Retain xUB and cUB from

the first phase.
Step 2. If Open Stack is empty, output xUB as the final

ML decision, and stop BiPFSA.5

Step 3. If the current top forward path xTOP in Open Stack
has already been recorded in Closed Table, discard
it from Open Stack and go to Step 2; otherwise,
record the information of this top forward path in
Closed Table.6

Step 4. According to the structure of M tail-biting sub-
trellises, compute the refined path metrics of all
successor forward paths of the top forward path
in Open Stack. Delete the top forward path from
Open Stack. Delete those successor forward paths
whose refined path metrics are no less than cUB.

Step 5. If a successor forward path reaches level L with its
refined path metric less than cUB, replace xUB and
cUB by this successor forward path and its refined
path metric, respectively. Repeat this step until all
successor forward paths are examined. Delete all
successor forward paths that reach level L.

Step 6. Insert the remaining successor forward paths from
Step 5 into Open Stack and re-order the forward
paths in Open Stack according to ascending refined
path metric values. Go to Step 2.

Continuing from the example in Figure 1, we illustrate
respectively in Figures 3 and 4 how tail-biting convolutional
subtrellis migrates and how Open Stack evolves in the second
phase. The same as in Figure 1, four different colors are used
respectively for four subtrellises, and the refined path metric
in the form of (7) is marked above the last branch of a forward
path. It can be noted from Figure 4 that Open Stack initially
contains four “single-node” forward paths ending at a start
node at level 0. Then the top forward path (1 : 1.11) was

5This step will never output an xUB that is equal to the null path. In other
words, xUB is not the null path when Open Stack is empty. This is because
xUB remains initially the null path in the second phase only when no
tail-biting paths reaching level 0 were encountered in the first phase (cf. Step 6
of backward PFSA). In such a case, cUB = ∞ and hence Step 4 of forward
PFSA will never delete any successor forward paths. As such, Step 5 of
forward PFSA will replace xUB with the first successor forward path reaching
level L , and Open Stack must be non-empty before this replacement.

6Uniquely identifying a forward path only requires the information of the
initial state, the ending state and the ending level.



1864 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 66, NO. 5, MAY 2018

Fig. 4. Evolution of Open Stack in Figure 3.

acquired from Open Stack and was extended to its successor
forward paths (5 : 1.11) and (6 : 3.38). This evolves to
Stage 2, where the two successor forward paths (5 : 1.11)
and (6 : 3.38) had been pushed into Open Stack. Forward
PFSA continues extending the top forward path in Open Stack
until the top forward path (i.e., (23:1.19) at Stage 12) reaches
level 5.

It can be noted from the algorithmic procedures of both
phases that the top path ending at the state that has been
visited at some previous time is eliminated. Since these paths
must have a worse path metric (respectively, a worse refined
path metric for the second phase) than the previously visited
top path ending at the same state, elimination of them will
not compromise the optimality in performance but help in
speeding up the priority-first search. In order to verify whether
a state has been visited, two different criteria are applied in the
first and the second phases. In the first phase, we notice that
h�,i is smaller than ∞ if, and only if, the path ending at state i
at level � has been visited. Hence, h�,i can be used to verify
whether or not this state has been visited in the first phase.
In the second phase, Closed Table is introduced to record all
paths that have been on top of Open Stack and hence have
been visited.

A common feature of priority-first search or any sequential-
type search algorithms is that efficiency in sequential search
can be improved when it starts its search from a more reliable
component. As such, the averaged decoding complexity of
BiPFSA can be further reduced by circularly shifting the
received vector r according to the reliabilities of its compo-
nents. By noting that the trellis as well as its corresponding
subtrellises remain the same when �n-bit circular shifts are
performed for any integer �, BiPFSA can be used in an iden-
tical manner to determine the circularly shifted ML codeword
with respect to the circularly shifted received vector. The
ML codeword can then be easily recovered by the reverse
action of the initial circular-shift operation. Based on a similar
approach as in [16], we propose to circularly right-shift the
received vector r by �∗n bits before feeding it into BiPFSA,
where

�∗ = arg max
0≤�<L

((�+λ)n−1) mod N∑
j=�n

|φ j | (8)

and λ is a pre-specified window size for reliability measure.
The additional computational complexity due to the determi-
nation of �∗ in (8) and the reverse left-shift at the end of
BiPFSA is almost negligible in comparison with the decoding
complexity of BiPFSA.

We point out at the end of this section that one can also
employ forward PFSA in the first phase, and perform PFSA
in a backward manner in the second phase. Considering that a
decoder often favors listing the output code bits in a forward
manner, we choose to perform PFSA in a forward manner in
the second phase.

III. OPTIMALITY OF BIPFSA

To confirm the optimality of BiPFSA, it suffices to prove
that the ML codeword can always be found at the end of the
algorithm. We begin with a theorem regarding the output of
backward PFSA in the first phase.

Theorem 1: Among all length-N backward paths in C∼sup,
backward PFSA in the first phase always finds the one with
the smallest path metric. If the minimum-metric length-N
backward path is also a tail-biting path, its corresponding
codeword in C∼ is an ML one.

Proof: Backward PFSA exits only possibly from Step 8.
In other words, backward PFSA exists only when xTOP reaches
level 0. Since the path metric is non-decreasing along every
backward path on trellis T , any length-N backward path,
extended from some backward path currently in Open Stack,
must have a path metric no less than that of the current top
backward path. Hence, when xTOP reaches level 0, the one
with the smallest path metric among all length-N backward
paths in C∼sup must be xTOP (since it has the smallest path
metric among all backward paths currently in Open Stack).
By noting that the tail-biting paths of T are contained in the
set of all length-N paths in T , xTOP must have the smallest
path metric among all tail-biting paths in T if xTOP is also a
tail-biting path; therefore, its corresponding codeword in C∼ is
an ML one.

It may occur that Step 8 of backward PFSA outputs an xTOP
that is not a tail-biting path. In such a situation, forward PFSA
in the second phase will be launched. The task of finding the
ML tail-biting path must then be completed by forward PFSA
in the second phase, for which the proof will be given after
two preliminary lemmas are established.

Lemma 1: Let x((�+1)n−1) label an immediate successor
forward path of the forward path labelled by x(�n−1) over sub-
trellis Ti . Suppose the ending states of x(�n−1) and x((�+1)n−1)

are respectively i1 and i2. Then,

h�,i1 ≤ h�+1,i2 + m(x((�+1)n−1)) − m(x(�n−1)). (9)

Proof: During the execution of backward PFSA, h�,i may
be assigned at two instances: (i) A backward path x[�n−1]
ending at state i at level � had been the top backward
path in Open Stack and hence h�,i = m(x[�n−1]); and
(i i) no backward path ending at state i at level � had been the
top backward path in Open Stack and hence h�,i was assigned
when Step 8 of backward PFSA was executed and is equal
to cmin, where cmin is the minimum path metric among all
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length-N paths in T . This lemma can then be substantiated by
the four combinations of how h�,i1 and h�+1,i2 were assigned.

1) h�+1,i2 = m(x[(�+1)n−1]) and h�,i1 = m(x[�n−1]): Since
x[�n−1] was the top backward path, m(x[�n−1]) must be
no larger than the path metric of the successor backward
path of x[(�+1)n−1] ending at state i1 at level �, i.e.,

m(x[�n−1]) ≤ m(x[(�+1)n−1])
+ [m(x((�+1)n−1)) − m(x(�n−1))], (10)

which is exactly the desired result of (9).
2) h�+1,i2 = m(x[(�+1)n−1]) and h�,i1 = cmin: In this case,

the successor backward path of x[(�+1)n−1] ending at
state i1 at level � must stay in Open Stack but had never
been on top of Open Stack, which implies

cmin ≤ m(x[(�+1)n−1])
+ [

m(x((�+1)n−1)) − m(x(�n−1))
]

(11)

and (9) is thus confirmed.
3) h�+1,i2 = cmin and h�,i1 = m(x[�n−1]): In this case,

x[�n−1] was the top backward path before xTOP in Step 8
of backward PFSA was. Thus, m(x[�n−1]) ≤ cmin and
hence h�,i1 ≤ h�+1,i2 , which again validates (9).

4) h�+1,i2 = h�,i1 = cmin: (9) trivially holds in this case.

Lemma 2: The refined path metric is a non-decreasing
function along every forward path on subtrellises. In other
words, for 0 ≤ � < L,

m(x(�n−1)) + h�,i1 ≤ m(x((�+1)n−1)) + h�+1,i2 (12)

where x((�+1)n−1) is an immediate successor forward path of
x(�n−1) over a subtrellis, and x(�n−1) and x((�+1)n−1) end at
states i1 and i2, respectively.

Proof: This is an immediate consequence of Lemma 1.

An important remark should be made before we present the
proof of the optimality of forward PFSA. As we have stated
after Definition 1, finding an ML code path is equivalent to
outputting a code path x(Ln−1) in C∼ such that its path metric
m(x(Ln−1)) is smaller than or equal to that of all other code
paths in C∼. Since hL ,i = 0 for 0 ≤ i ≤ M − 1, the same
statement also holds for the refined path metric.

Theorem 2: BiPFSA is guaranteed to find an ML code path
in C∼.

Proof: If BiPFSA exits in the first phase, Theorem 1 has
confirmed that an ML code path will be outputted. It remains
to show when Step 8 of backward PFSA outputs an xTOP that
is not a tail-biting path, forward PFSA in the second phase can
find an ML tail-biting path over subtrellises {Ti }M−1

i=0 . With this
objective, it suffices to prove that Steps 3, 4 and 5 of forward
PFSA will never delete all ML tail-biting paths (if there are
multiple ones).

Suppose in Step 3 of forward PFSA, the current top forward
path xTOP has already been stored in Closed Table due to
the visit of a previous top forward path x̃(�n−1). Since xTOP
must be an offspring of some forward path that once coexisted
with x̃(�n−1) in Open Stack at the time x̃(�n−1) was on top,

Lemma 2 indicates that the ending state of both xTOP and
x̃(�n−1) at level � is i , and

m(x̃(�n−1)) + h�,i ≤ m(xTOP) + h�,i . (13)

Consequently, deletion of xTOP will never eliminate all ML
tail-biting paths because those ML paths with xTOP being a
portion of it (if they exist) can only have the same path metric
as that of any ML path with x̃(�n−1) being a portion of it.

Regarding Step 4, we argue that cUB is the refined path
metric of some tail-biting path, and hence it is an upper bound
of the refined path metric of the final ML tail-biting path.
We then distinguish between two cases:

1) If the refined path metric of the final ML tail-biting path
is strictly smaller than cUB, then Lemma 2 indicates
that the tail-biting path, extended from the successor
forward path with refined path metric no less than cUB,
can never be an ML tail-biting path; hence, deletion of
this successor forward path will never compromise the
optimality in performance.

2) If the refined path metric of the final ML tail-biting path
is equal to cUB, then deletion of this successor forward
path will not delete all ML tail-biting paths because at
least one is kept in xUB.

Regarding Step 5, forward PFSA has kept in xUB the best
tail-biting path among all paths, which have been explored
thus far, and which have reached level L during the priority
first search. Hence, deletion of all successor forward paths that
reach level L will not sacrifice the optimality in performance.

The proof of the theorem is thus completed.

IV. EXPERIMENTS OVER AWGN CHANNELS

In this section, we investigate the computational effort as
well as the word error rate of the proposed ML decod-
ing algorithm over additive white Gaussian noise (AWGN)
channels via simulations. We assume that the transmit-
ted binary codeword v = (v0, v1, . . . , vN−1) is binary
phase-shift keying (BPSK) modulated. The received vector
r = (r0, r1, . . . , rN−1) is thus given by

r j = (−1)v j
√
E + z j for 0 ≤ j ≤ N − 1, (14)

where E is the signal energy per channel bit, and {z j }N−1
j=0

are independent noise samples of a white Gaussian process
with single-sided noise power per hertz N0. The signal-to-
noise ratio (SNR) is, therefore, given by SNR � E/N0.
In order to account for the code redundancy for different code
rates, we use the SNR per information bit in the following
discussions, i.e.,

SNRb = NE/K

N0
= n

k

( E
N0

)
. (15)

Note that for AWGN channels, the metric associated with a
path x(�n−1) in Definition 1 can be equivalently simplified to

m(x(�n−1)) �
�n−1∑
j=0

(y j ⊕ x j )|r j |. (16)

Two tail-biting convolutional codes are used in simula-
tions. They are respectively (2, 1, 6) and (2, 1, 12) tail-
biting convolutional codes with generators 103, 166 (octal)
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TABLE I

STATIC MEMORY REQUIREMENT FOR BEAST, PFSA, BS, AND BIPFSA

and 5133, 14477 (octal). Subject to information lengths of
L = 12 and 48, the former is exactly [24, 12, 8] extended
Golay code [17], while the latter is equivalent to [96, 48, 16]
block code [18].

In our simulations, the number of branch (arithmetic) com-
putations instead of metric computations are accumulated. For
example, (16) can be rewritten as

m(x(�n−1)) = 0 + m(xn−1
0 ) + · · · + m(x�n−1

(�−1)n), (17)

where we abuse the notation by denoting the branch metric as

m(x (u+1)n−1
un ) =

(u+1)n−1∑
j=un

(y j ⊕ x j )|r j |. (18)

Implementation of (17) then requires � additions of branch
metrics, starting from the initial value of zero metrics (See
Step 2 of backward PFSA). Note that the number of distinct
branch metrics, corresponding to (xun, xun+1, . . . , x(u+1)n−1),
is at most 2n , and they can be pre-calculated and stored
for later access during the decoding process. The decoding
complexity is thus dominated by the number of addition
operations (as well as the number of memory accesses) of
branch metrics for the calculation of path metrics. As a result,
the decoding complexity can be measured as the number of
path metric updates. For example, the number of path metric
updates required in Figures 1 and 3 is equal to 26 (1st phase)+
19 (2nd phase) = 45, as indicated by those solid (branch)
lines. In order to compensate for the effect of code length,
decoding complexity is usually normalized by the number of
information bits. As an example, Figures 1 and 3 requires
45/5 = 9 path metric updates per information bit.

Before presenting our simulation results, three remarks
on the practice of sequential-type decoding algorithms are
provided. First, the computational effort of a sequential-type
search algorithm includes not only the evaluation of path
metrics but also the effort spent in searching and reordering the
stack elements. By adopting the priority-queue data structure,
often referred to as HEAP [19], the latter effort can be made
comparable to that of the former. One can further employ
a hardware-based stack structure [20] and attain a constant
complexity for each stack insertion operation.

Second, all the ML decoders mentioned in this work require
a stack-like data structure for decoding, and the cost of stack
maintenance is in general different for different decoders. The
path metric update, however, is the most repeated routine
during a decoding process. The runtime due to other com-
putational efforts such as initialization is relatively small. The
above two remarks justify the usual adoption of the number
of path metric updates per information bit as a measure of
algorithmic complexity for sequential-type search algorithms.

Third, the sizes of stack-like data structures for BiPFSA
and the ML decoders to be compared with vary at each
simulation. However, the memory requirement other than
stack-like structures, such as the Closed Table or the table to
store h-function values, are fixed, as listed in Table I. Note that
although the Closed Tables7 for BEAST, PFSA and BiPFSA
have a significantly larger size than BS, they are sparse and
hence can be implemented by a Hash table [21] of size 2m ×L
with a negligible computational cost.

We are now ready to present the simulation results for
decoding complexities as well as the corresponding word
error rates (WERs) of BiPFSA. Four decoding algorithms that
BiPFSA is compared with are BEAST, BS, PFSA and WAVA.
These four algorithms are of very different characteristics in
their designs, and hence each can be considered a typical
representative of its own kind. WAVA is perhaps the most
widely known suboptimal decoder for tail-biting convolutional
codes; BEAST performs bi-directional search and is generally
regarded as the most efficient ML decoder in average decoding
complexity at high SNRs; BS is based on bounded search and
is the most recent ML decoder among the four; and PFSA is a
two-phase decoding algorithm. Since CMLDA and PFSA are
of similar two-phase structure and PFSA has been shown to
outperform CMLDA in both average and maximum decoding
complexities, CMLDA will not be included in our simulations.

For ease of designating the parameters adopted in our
simulations, BiPFSA with window size λ (that decides the
amount of initial circular-shifts via (8)) and WAVA that wraps
around at most I trellises are parameterized as BiPFSA(λ) and
WAVA(I ), respectively. The same circular-shift pre-processing
can also be applied to PFSA in [13], which is similarly denoted
as PFSA(λ). In all experiments, it is ensured that at least 100
word errors occur so that there is no bias in simulation results.

As a reference, we first show in Figure 5 the WER perfor-
mance of WAVA(I = 2) as well as that of an ML decoder.
Note that BEAST, BiPFSA(λ), BS and PFSA(λ) are all ML
decoders and hence should all achieve the ML performance.
Figure 5 indicates that at WER = 10−3, WAVA(I = 2)
has about 0.4 dB coding loss relative to the ML perfor-
mance when [24, 12, 8] extended Golay code is employed.
A smaller 0.25 dB coding loss for WAVA(I = 2) is observed
at WER = 10−3 when [96, 48, 16] tail-biting block code is
used instead.

We next investigate the decoding complexities of BEAST,
BiPFSA(λ = 6), BS, PFSA(λ = 6) and WAVA(I = 2)
for [24, 12, 8] extended Golay code and summarize the results
in Figure 6. Since a sequential decoder must traverse at

7The Closed Tables for BEAST and BS store the searched paths during
forward and backward searches in order to identify whether the forward tree
meets the backward tree.
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Fig. 5. Word error rates (WERs) of WAVA(I = 2) and an ML decoder (such
as BEAST, BiPFSA(λ), BS and PFSA(λ)) for [24, 12, 8] extended Golay code
and [96, 48, 16] tail-biting block code.

Fig. 6. Sample average numbers of path metric updates per information
bit of BEAST, BiPFSA(λ = 6), BS, PFSA(λ = 6) and WAVA(I = 2) for
[24, 12, 8] extended Golay code.

least an ML path, a benchmarking lower bound to decoding
complexity is equal to 2k/k, measured in path metric updates
per information bit. As a reference, this bound is also plotted
in Figures 6 and 8.

Three observations can be made from Figure 6. First,
the average numbers of per-information-bit path metric
updates of WAVA(I = 2) and PFSA(λ = 6) are clearly
lower bounded by that of one VA execution over trellis,
which is a constant equal to (2m × 2k)/k = (M × 2k)/
k = 26 × 2 = 128. Second, BiPFSA(λ = 6) significantly
outperforms all other decoding algorithms in average decoding
complexity at all SNRs. Third, the average decoding com-
plexity of BiPFSA(λ = 6) approaches the benchmark lower
bound at high SNR, which confirms the superior efficiency of
BiPFSA(λ = 6), as the benchmarking lower bound can only
be ideally achieved under a perfect noise-free scenario.

In certain practical applications, maximal decoding com-
plexity is considered of comparable importance to average
decoding complexity, especially when sequential-type decod-
ing algorithms are regarded. We address this consideration by
investigating the maximal decoding complexity of the decod-
ing algorithms in Figure 6. The results are tabulated in Table II.
We then observe from Table II that the maximum number of
path metric updates of WAVA(I = 2), as expected, remains
a constant for all SNRs, and is equal to the computational
effort of running VA over trellis twice, i.e., 2m × 2k × I =
26 × 2 × 2 = 256. We also note that except for WAVA(I = 2)

TABLE II

MAXIMUM NUMBERS OF PATH METRIC UPDATES PER INFORMATION
BIT OF THE DECODING ALGORITHMS IN FIGURE 6 FOR [24, 12, 8]

EXTENDED GOLAY CODE. FOR EASE OF LOCATING THE

BEST VALUES, THE SMALLEST NUMBER IN

A COLUMN IS BOLDFACED

Fig. 7. Sample standard deviations of the numbers of path metric updates per
information bit of the decoding algorithms in Figure 6 for [24, 12, 8] extended
Golay code.

and PFSA(λ = 6), BiPFSA(λ = 6) has the least maximum
decoding complexity in comparison with BEAST and BS.
More strikingly, the maximum number of path metric updates
of BiPFSA(λ = 6) is even lower than that of WAVA(I = 2)
at high SNR.

It is noted that the maximum numbers of path metric
updates listed in Table II may sometimes increase as SNR
grows. This is due to the fact that the numbers recorded
in Table II are the largest decoding complexities that ever
occurred during the simulation runs. Therefore, as an addi-
tional consideration, we examine the standard deviations of
decoding complexities corresponding to the curves in Figure 6.
The results in Figure 7 then indicate that as far as the standard
deviation of decoding complexity is concerned, the winner
among BEAST, BiPFSA(λ = 6), BS and WAVA(I = 2)
is either BEAST or BiPFSA(λ = 6), depending on whether
SNRb is larger or smaller than 3 dB. When only the
two possible winners are considered, BiPFSA(λ = 6)
obviously has a more stable standard deviation in decod-
ing complexity across different SNRs. Our simulations also
indicate that PFSA(λ = 6) has a significantly smaller stan-
dard deviation in decoding complexity than the other four
decoders, which suggests that the decoding complexity of
performing PFSA in its second phase is not at all vari-
able since it employs a constant-complexity VA in its first
phase.

We repeat the above experiments for the [96, 48, 16] tail-
biting block code. This code has the largest free distance
among all tail-biting codes of the same code length and
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TABLE III

MAXIMUM NUMBERS OF PATH METRIC UPDATES PER INFORMATION BIT OF THE DECODING ALGORITHMS IN FIGURE 8 FOR [96, 48, 16]
TAIL-BITING BLOCK CODE. FOR EASE OF LOCATING THE BEST VALUES, THE SMALLEST NUMBER IN A COLUMN IS BOLDFACED

Fig. 8. Sample average numbers of path metric updates per information bit
of BEAST, BiPFSA(λ = 12), BS, PFSA(λ = 12) and WAVA(I = 2) for
[96, 48, 16] tail-biting block code.

code size [18]. Its constraint length is 12, and hence its code
trellis has 212 = 4096 states at each level. With such a
large number of states, an extremely high decoding complex-
ity is anticipated. Efficient decoding of this code is thus a
challenge.

Similar to Figure 6, we present in Figure 8 the average
decoding complexities of BEAST, BiPFSA(λ = 12), BS,
PFSA(λ = 12) and WAVA(I = 2) for the [96, 48, 16] tail-
biting block code. We change the reliability window size
from λ = 6 to λ = 12 to cope with the long code
length and the large code size of the tail-biting convolu-
tional code under consideration. It can be observed from
this figure that BiPFSA(λ = 12) remains much superior to
other decoding algorithms in average decoding complexities,
and approaches the ideal lower bound at high SNR. In con-
trast, the average decoding complexities of BEAST and BS
dramatically increase at low SNR and become worse than
those of PFSA(λ = 12) and WAVA(I = 2) when SNRb is
below 1.5 dB.

In Table III, the maximum decoding complexities for the
five decoders that we simulate with are shown. We observe
that BiPFSA(λ = 12) beats all other decoding algorithms
in maximum decoding complexity at high SNRs, including
PFSA(λ = 12) and WAVA(I = 2). In particular, the max-
imum decoding complexity of BiPFSA(λ = 12) can save
up to 5.5 × 103 path metric updates per information bit at
SNRb = 4 dB when it is compared with PFSA(λ = 12).

The experiment on standard deviations of decoding com-
plexities for the [96, 48, 16] tail-biting block code is sum-
marized in Figure 9. This figure confirms again, as in
Figure 7, that BiPFSA(λ = 12) is more stable in its average

Fig. 9. Sample standard deviations of the numbers of path metric updates
per information bit of the decoding algorithms in Figure 8 for [96, 48, 16]
tail-biting block code.

decoding complexity than all other decoding algorithms except
PFSA(λ = 12).

We close this section by pointing out that due to its
sequential nature of decoding, BiPFSA cannot be fully par-
allel implemented in hardware, even though hardware-based
stack structure that employs systolic arrays [20] can attain
a constant complexity for each stack maintenance operation.
This is in contrast to traditional Viterbi-based convolutional
decoders such as WAVA, which fit well for a parallel hardware
implementation. However, efficient Viterbi-based ML decoders
for tail-biting convolutional code have thus far not been
established. Hence, for applications that dictate an exact
ML performance, or favor a software solution due to limited
hardware budget, BiPFSA is a promising candidate due to its
superior computational efficiency.

V. CONCLUSION

In this work, we have proposed a new ML decoding algo-
rithm for binary tail-biting convolutional codes. It is named
BiPFSA because both backward PFSA and forward PFSA are
employed respectively for its first and second phases. Simula-
tions show that BiPFSA can determine the ML code path with
a much lower maximum decoding complexity than previously
known decoding approaches. It also outperforms existing
ML decoding algorithms for tail-biting convolutional codes in
terms of average decoding complexity. Unlike BEAST and BS,
the decoding complexity of BiPFSA is highly stable with
respect to information length or code constraint length of
tail-biting codes.

Even though we only provide simulation results for binary
convolutional codes with k = 1, the proposed algorithm is
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designed for any binary convolutional code with k ≥ 1,
in general. In case higher order modulations are used instead
of BPSK, a certain kind of bit-wise decomposition of symbol
metric such as given in [22] shall be performed before the
proposed scheme can be applied. Further extension to non-
binary convolutional codes, however, requires an extensive
modification of the ML decoding rule in (3) and shall be an
interesting work for future study.

The ML decoders mentioned in the introduction section may
also be transformed to operate over the conventional trellis of
an equivalent block code rather than all tail-biting subtrellises.
The study of such a transformation as well as its resultant
decoder for tail-biting codes could be another future work of
general interest.
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