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A General Structure of Linear-Phase FIR Filters
With Derivative Constraints

Bo-You Yu, Peng-Hua Wang, and Po-Ning Chen, Senior Member, IEEE

Abstract— In this paper, a general structure of linear-phase
finite impulse response filters, whose frequency responses satisfy
given derivative constraints imposed upon an arbitrary fre-
quency, is proposed. It is comprised of a linear combination
of parallelly connected subfilters, called the cardinal filters,
with weighted coefficients being the successive derivatives of
the desired frequency response at the constrained frequency.
An advantage of such a cardinal filters design is that only
the weighted coefficients are relevant to the desired frequency
response but not the cardinal filters; hence, a dynamic adjustment
of the filter system becomes feasible. The key to derive the coeffi-
cients of cardinal filters is the determination of the power series
expansion of certain trigonometric-related functions. By showing
the elaborately chosen trigonometric-related functions satisfy
specific differential equations, recursive formulas for the coef-
ficients of cardinal filters are subsequently established, which
make efficient their computations. At last, a simple enhancement
of the cardinal filters design by incorporating the mean square
error minimization is presented through examples.

Index Terms— Finite impulse response (FIR) filters, linear
phase filters, maximally flat (MF) filters, Taylor interpolation.

I. INTRODUCTION

THE digital filter design is one of the important classical
problems in the area of signal processing. Many publica-

tions have been published in the related literature, for which
information can be found in books like [1] or [2].

Digital filters have several advantages. First, as a system,
digital filters are software programmable; thus the system
characteristics such as the transfer functions can be changed
without altering the hardware structure. Second, digital filters
are robust against variations of temperature or aging of com-
ponents. Third, nonlinearity of components usually does not
affect the operations of digital filters. Last, implementation of
digital filters is straightforward in integrated circuits or dig-
ital computers. These advantages make digital filters widely
applied in practice.

According to the durations of their impulse responses,
digital filters are categorized into two classes: finite impulse
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response (FIR) filters and infinite impulse response (IIR)
filters [1]. As their names revealed, IIR filters are of infinite
order in their impulse responses, while the order of the impulse
response of an FIR filter is finite. Which class of digital filters
should be used depends on the system requirement.

As contrary to the guaranteed stability of FIR filters,
IIR filters require an elaborate design for stability but can meet
the given frequency response by using fewer taps or fewer
coefficients. Usually, the designs of IIR filters are obtained
through bilinear transformation from their analog counterparts
such as Butterworth, Chebyshev, or elliptic filters [1], whereas
windowing method and the Parks–McClellan algorithm are
common approaches for designing FIR filters [1].

In order to have a better matching to the target frequency
response, derivative constraints at specific frequencies are
imposed. They are of the form that the derivatives of the resul-
tant frequency responses of the synthetic filters at one or sev-
eral frequencies should make equal to some given quantities.
If the coefficients of digital filters are solved entirely from
the derivative constraints, it is called the maximally flat (MF)
filter. For example, the analog Butterworth filter is MF with
derivative constraints in its squared magnitude response at
the origin [1]. Throughout this paper, the frequency that the
derivatives are constrained at is denoted as ω0.

From the aspect of MF digital filters, many designs have
been proposed in the literature. To name a few, Herrmann [3]
proposed a low-pass linear-phase filter with MF frequency
response at ω0 = 0 and π . Selesnick and Burrus [4] gener-
alized the analog Butterworth filters and proposed a digital
version of Butterworth filters with MF squared magnitude
responses at ω0 = 0 and π . Zhang and Amaratunga [5]
provided a closed-form design for MF IIR half-band filters.
Selesnick [6] established a recursive formula for the coeffi-
cients of MF low-pass type-III and type-IV FIR differentiators
at ω0 = 0 , which was later extended to arbitrary ω0 by
Yoshida and Aikawa [7].

The MF constraints can also be applied to the group delay
response. For example, Thiran [8] obtained the coefficients
of all-pole IIR filters with MF group delay at ω0 = 0.
Fernandez-Vazquez and Jovanovic-Dolecek [9], [10] solved
the all-pole filters with MF magnitude and delay responses
at ω0 = 0 and π , and they also solved the cascaded
integrator comb (CIC) filters with MF magnitude response
at ω0 = 0. Hermanowicz [11] obtained fractional delay
FIR filters with MF response around any prescribed frequency.
Khan and Okuda [12] designed digital differentiators with
MF magnitude response at ω0 = π/2. Molnar and Vucic [13]
presented a design of CIC filters based on MF error criterion.
Pei and Wang [14] have shown that some MF filters,
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such as Hilbert transformers and differentiators, can be
obtained by series expansion. Cain et al. [15] compared the
MF FIR fractional delay filters with other design methods
and demonstrated that the MF designs are highly close to
their target around ω0 = 0. Kennedy [16] proposed an
IIR filter design process that determines the optimal posi-
tion of the repeated real poles either by minimizing the
white-noise gain or by maximizing high-frequency attenuation
for a specified low-frequency group-delay. In this literature,
a comprehensive review together with new results on
derivative-constrained fractional delay filters can be found
in [17]. Furthermore, Samadi and Nishihara [18] presented an
insightful survey and historical remarks on MF filter designs.
Recently, the derivative-constrained filter design is extended to
fractional derivatives. For example, Tseng and Lee [19]–[21]
adopted the fractional derivative constraints when designing
1-D and 2-D FIR filters. The fractional derivative constraints
has also been employed by Baderia et al. [22] in their design
of quadrature mirror filter banks.

Among the references mentioned previously, the MF filters
that have the closed-form formula or recursive formula
are often devised for specific frequencies. For those
closed-form or recursive formulas that are suitable for flexibly
changing the constrained frequency ω0, they usually can only
be applied to specific filter targets such as differentiators [6],
[7], [12], low-pass filters [3], [4], [6], [16], half-band filters [5],
or fractional delay filters [8], [11], [17]. At this background,
this paper aims to challenge the provision of a flexible filter
design with closed-form or recursive formula, which can be
applied to arbitrary even-symmetric frequency response with
derivative constraints at an arbitrary frequency.

By the conception of cardinal functions in the numerical
analysis literature [23], we found in our previous research [24]
that the linear-phase type-I FIR filters at ω0 = 0 have
a similar cardinal-function structure under given derivative
constraints. In particular, such a structure consists of a linear
combination of some prespecified cardinal filters, where the
weighting coefficients are exactly the given derivatives at
the origin, i.e., ω0 = 0. By the challenge we aim at in
this paper, we will extend the result in [24] to the most
general scenario, where the linear-phase type-I FIR filters are
structured using cardinal filters with derivative constraints at
an arbitrary frequency. It should be pointed out that although
the design structure is also a linear combination of cardinal
filters when imposing derivative constraints at a frequency
other than the origin, the form of cardinal filters are different
from, and actually more elaborate than, those in [24]. Closed-
form formulas for these cardinal filters will be subsequently
provided. Realization and recursive equations to obtain the
coefficients of cardinal filters will also be devised.

This sums to three main contributions of this paper. First,
we show that derivative-constrained linear-phase FIR type-I fil-
ters are a linear combination of cardinal filters of certain form,
where the weighting coefficients are exactly the derivatives of
the desired frequency response at a given arbitrary frequency.
These cardinal filters are universal in the sense that they
are independent of the desired frequency response and hence
the same structure can be reused to adapt to different target

frequency responses. Second, the coefficients of cardinal filters
are given as a function of the frequency that the derivatives are
constrained at. Third, recursive formulas for the coefficients
of cardinal filters are derived and hence their computations
become efficient.

This rest of this paper is organized as follows. Section II
derives the cardinal filters with derivative constraints at an
arbitrary frequency ω0. Also provided in Section II are the
recursive formulas for the coefficients of cardinal filters.
Section III provides the practice of filter designs using the
proposed cardinal filters. Section IV concludes this paper.

II. CARDINAL FILTERS

A. Problem Formulation

Let HN (z) be an N th order transfer function with impulse
response hN [0], hN [1], . . . , hN [N]. Since the filters consid-
ered in this paper are of type-I linear-phase FIR, the order
number N is restricted to be an even number and the impulse
response of HN (z) is even symmetric with respect to h[M],
where N = 2M . Accordingly, the frequency response of
HN (z) can be represented as

HN (eıω) =
N∑

n=0

hN [n] e−ıωn = e−ı ωM AM (ω) (1)

where

AM (ω) �
M∑

m=0

aM [m] · cos(ωm) (2)

with

aM [m] =
{

hN [M], if m = 0;

2hN [M − m], if m = 1, 2, · · · M .
(3)

Based on the above setting, our focus in this paper is to find
AM (ω) that well approximates a desired frequency response
F(ω) over −π < ω ≤ π , subject to K + 1 derivative
constraints at a specific frequency 0 ≤ ω0 ≤ π , that is

dk

dωk
AM (ω)

∣∣∣∣
ω=ω0

= dk � dk

dωk
F(ω)

∣∣∣∣
ω=ω0

(4)

for k = 0, 1, . . . , K .1 Note that because AM (ω), as a function
of cos(ωm) for 0 ≤ m ≤ M , is symmetric with respect to
ω = 0, the desired frequency response F(ω) is restricted to
be an even function.

Substituting (2) into (4), we get for k = 0, 1, . . . , K

M∑

m=0

aM [m] · mk · cos

(
ω0m + kπ

2

)
= dk . (5)

In matrix form, (5) can be written as

[aM [0] aM [1] · · · aM [M]]MT=[d0 d1 · · · dK ] (6)

1When ω0 = 0 or π , derivative constraint (4) can only be fulfilled
for k even, i.e., k = 0, 2, . . . , 2J , since the left-hand side of (5) equals
zero when k is an odd number. For better readability, we will deal with
0 < ω0 < π in this section as well as Sections II-B and II-C, and defer the
special treatment of ω0 = 0 or π until Section II-D.
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where superscript “T” denotes the matrix transpose operation,
and by conveniently adopting 00 = 1, the (i, j)-entry of
matrix M(M+1)×(K+1) is given by (i −1)( j−1) cos((i −1)ω0 +
( j −1)π/2). Apparently, M > K makes (6) underdetermined,
while M < K creates an overdetermined system. In case
M = K and M

−1 exist, aM [0], aM [1], . . . , aM [M] can be
solved by taking the inverse of M. However, as N increases,
such a linear-algebraic approach becomes computationally
intensive. Particularly, when realizing (6) in a practical numer-
ical computing environment such as MATLAB, the accuracy
of finding the inverse of M will decrease as M increases.
As the aim of this paper is to provide an exact solution
for aM [0], aM [1], . . . , aM [M] in closed form for arbitrary
M ≥ K , such numerical instability can be eliminated in
principle. A numerical evidence will be given in Fig. 18.

On account of the above considerations, an alterna-
tive approach to synthesize AM(ω) based on cardinal
filters (defined below) is proposed in this paper, which can
be applied for arbitrary M ≥ K . Define auxiliary type-I
FIR filters as

AM,k(ω) �
M∑

m=0

aM,k[m] · cos(ωm), k = 0, 1, . . . , M (7)

which, for all 0 ≤ k, � ≤ M , satisfies

d�

dω�
AM,k(ω)

∣∣∣∣
ω=ω0

= δk,� (8)

where δk,� is the Kronecker delta function, and is equal to 1
when k = �, and zero, otherwise.

Subject to the derivative constraints in (4), AM (ω) can be
represented as

AM (ω) =
M∑

k=0

dk · AM,k(ω) (9)

which can be verified through the derivation below as for
0 ≤ � ≤ K

d�

dω�
AM (ω)

∣∣∣∣
ω=ω0

= d�

dω�

(
M∑

k=0

dk · AM,k(ω)

)∣∣∣∣∣
ω=ω0

=
M∑

k=0

dk

(
d�

dω�
AM,k(ω)

∣∣∣∣
ω=ω0

)
=

M∑

k=0

dk · δk,� = d�.

Substituting (9) into (1) yields

HN (eıω) =
M∑

k=0

dk · HN,k(e
ıω) (10)

where HN,k(eıω) � e−ıωM · AM,k(ω). Since AM,k(ω) is a
type-I FIR filter with its frequency response symmetric with
respect to zero

HN,k(e
ıω) �

N∑

n=0

hN,k [n] e−ıωn (11)

is a causal type-I FIR filter. Similar to (3), the relation-
ship between aM,k[m] and hN,k [n] can be characterized as
aM,k[0] = hN,k [M] and aM,k[m] = 2 hN,k [M − m] for

Fig. 1. (a) Generic structure synthesized using cardinal filters {HN,k(z)}M
k=0,

where HN,k(e
ı ω) = e−ı ωM AM,k(ω) with z = eı ω . Here, {dk}K

k=0 are
the derivatives of the desired frequency response F(ω) at ω = ω0, while
{dk}M

k=K +1 can be obtained through certain optimization process such
as MMSE. (b) Equivalent structure with shared delays.

m = 1, 2, · · · M . As a result of (10), coefficients {aM [m]}M
m=0

are given by

aM [m] =
M∑

k=0

dk · aM,k[m], m = 0, 1, . . . , M. (12)

This redirects the finding of AM (ω) that well approximates
F(ω) to a synthesized construction using cardinal filters
in (11) subject to given derivative constraints {dk}K

k=0 as shown
in Fig. 1.

Two remarks are made as follows. First, the proposed
genetic structure in Fig. 1(a) may be associated as a variation
of Farrow structure [25], [26], since both structures are com-
posed of subfilters with variable coefficients. However, Farrow
structure, e.g., in [25], is specially designed with coefficients
adjusted as the desired fractional delays, while the coefficients
of the proposed genetic structure are set to be the derivatives
of the target frequency response. Hence, the design objectives
as well as the natures of their resulting frequency responses
are very different.

Second, the implementation complexity of the generic struc-
ture in Fig. 1 is seemingly larger than that of a conventional
FIR filter [1]. Specifically, if the conventional FIR filter and
each of the M+1 subfilters in Fig. 1(a) are implemented using
the same structure, the numbers of multiplier, adders, and unit-
delays used in Fig. 1(a) should be around M+1 times those of
a conventional FIR filter design, irrespective of the additional
M + 1 multipliers and M adders. With an (M + 1)-fold
increase in implementation complexity, the proposed genetic
structure can provide flexibility for a variable filter design,
where the coefficients of subfilters are all explicitly expressed
in closed form, and can be easily adjusted when the derivatives
of the target frequency response at a constrained frequency
vary.
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B. Cardinal Filters for 0 < ω0 ≤ π/2

In this section, we will provide the approximation solution
of AM (ω) to F(ω) for 0 < ω0 ≤ π/2. The cases of π/2 <
ω0 < π and ω0 mod π = 0 will be, respectively, investigated
in Sections II-C and II-D.

A straightforward approach to obtain the coefficients of car-
dinal filters defined in the previous section is to substitute (7)
into (8), which yields that for 0 ≤ k, � ≤ M

M∑

m=0

aM,k[m] · m� · cos

(
ω0 m + �π

2

)
= δk,�

and then solve the linear equations. This approach, again, will
become computationally intensive when M is getting large.

Orchard and Temes [27] proposed to incorporate the notion
of partial equality between the power series expansions of
two functions f (x) and g(x) in MF approximation techniques.
By translating the center of power series expansions of the two
functions from the origin to an arbitrary number c, we found
that similar technique can be extended to obtain cardinal filters
{HM,k(ω)}M

k=1 constrained at an arbitrary frequency ω0.
For completeness, the definition of partial equality is first

given before we state the main theorem.
Definition 1: The symbolic equation of f (x)

n,c=== g(x)
means that the equality of the power series expansions of f (x)
and g(x) centered at point c includes all terms of order no
larger than n, i.e., f (x) − g(x) = vn+1 · (x − c)n+1 + vn+2 ·
(x − c)n+2 + · · · , where vn+1, vn+2, . . . are real numbers and
can be zero.

As a result of the above definition, f (x)
n,c=== g(x) implies

f (x)
m,c=== g(x) for every m ≤ n. Based on the definition,

the following theorem on partial equality for composite func-
tions is proved.

Theorem 1: Let φ(ω) be a function satisfying φ(c) = 0.

Then, f (x)
n,0=== g(x) implies that f (φ(ω))

n,c=== g(φ(ω)).
Proof: Since f (x)−g(x) = vn+1 ·xn+1+vn+2 ·xn+2+· · ·

and φ(ω) = w1 · (ω − c) + w2 · (ω − c)2 + · · · , we have

f (φ(ω)) − g(φ(ω))

= vn+1 · [φ(ω)]n+1 + vn+2 · [φ(ω)]n+2 + · · ·
= vn+1 · [w1(ω − c) + w2(ω − c)2 + · · · ]n+1

+vn+2 · [w1(ω − c) + w2(ω − c)2 + · · · ]n+2 + · · ·
= vn+1 · wn+1

1 (ω − c)n+1 + · · ·

which immediately gives that f (φ(ω))
n,c=== g(φ(ω)). �

In practice, subject to the fulfillment of all derivative con-
straints, it is cost-benefit to favor a digital filter of lower order.
As a result, when devising cardinal filters, we will choose
a translation function φ with w1 = φ′(c) �= 0 such that
f (φ(ω)) − g(φ(ω)) is guaranteed to have the minimum order
n + 1 when vn+1 �= 0.

In light of Theorem 1, we now present the proposed
construction of cardinal filters. For 0 ≤ k ≤ M , let Pk(x)
be defined as

Pk(x) � [cos−1(x + cos ω0) − ω0]k

k! . (13)

Denote by PM,k(x) the Taylor polynomial up to degree M
for Pk(x), expanded about the origin, that is

PM,k(x) �
M∑

m=0

pk[m] xm (14)

and let

P∞,k(x) �
∞∑

m=0

pk[m]xm. (15)

It is then clear that PM,k(x)
M,0=== P∞,k(x).

Choose φ(ω) = cos(ω) − cos(ω0). Since φ(ω0) = 0 and
φ′(ω0) = − sin(ω0) �= 0 for 0 < ω0 ≤ π/2, Theorem 1
indicates that

PM,k(cos(ω) − cos(ω0))
M,ω0=== P∞,k(cos(ω) − cos(ω0))

(a)= Pk(cos(ω) − cos(ω0))
(b)= (|ω| − ω0)

k

k!

where
(a)= is theoretically sound if x = φ(ω) = cos(ω) −

cos(ω0) is within the radius of convergence of the power series

P∞,k(x),2 and
(b)= holds for −π < ω ≤ π . Since (|ω|−ω0)

k/k!
is differentiable at ω = ω0 for 0 < ω0 ≤ π/2, we can verify
that PM,k(cos(ω) − cos(ω0)) satisfies (8) for 0 ≤ k, � ≤ M
by noting that PM,k(cos(ω) − cos(ω0)) = (|ω| − ω0)

k/k! +
vM+1(ω − ω0)

M+1 + vM+2(ω − ω0)
M+2 + · · · . Furthermore,

PM,k(cos(ω) − cos(ω0)) = ∑M
m=0 pk[m](cos(ω) − cos(ω0))

m

implies that PM,k(cos(ω) − cos(ω0)) can be expressed as a
linear combination of cos(ωm) for 0 ≤ m ≤ M . This con-
cludes that we can take AM,k(ω) = PM,k(cos(ω) − cos(ω0))
as a choice of the amplitude responses of cardinal filters.
We summarize the result in the next theorem.

Theorem 2: Let pk[m] be the coefficient of power term xm

in the Taylor expansion of Pk(x) defined in (13) corresponding
to a given 0 < ω0 ≤ π/2. Then, a construction of AM,k(ω)
satisfying (8) is AM,k(ω) = ∑M

m=0 pk[m](cos(ω)−cos(ω0))
m,

and its corresponding cardinal filter equals HN,k(z) =
z−M ∑M

m=0 pk[m]((z + z−1)/2 − cos(ω0))
m .

Examples of the proposed construction of cardinal filters
are given below.

Example 1: Take M = 4 and ω0 = π/6 as an example.
It is straightforward from (8) that A4,0(ω) = 1. It remains to
determine A4,k(ω) for k = 1, 2, 3, 4. By, respectively, remov-
ing power terms in the Taylor series of P∞,1(x), P∞,2(x),
P∞,3(x), and P∞,4(x) with power orders greater than M = 4,

2The radius of convergence of the power series P∞,k(x) is equal to

1 − cos(ω0) for 0 < ω0 < π/2. This indicates that the equality in
(a)= is

theoretically sound when 2 cos(ω0) − 1 < cos(ω) < 1, and PM,k(cos(ω) −
cos(ω0)) may deviate from (|ω| − ω0)k/k! for those ω’s satisfying cos(ω) <
2 cos(ω0) − 1 as illustrated in Fig. 2. Such derivation can be alleviated by
combining the proposed cardinal filters with mean squared error criterion
consideration. Details will be given in Section III-B.
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Fig. 2. Plots of AM,k (ω) = PM,k(cos(ω) − cos(ω0)) for 1 ≤ k ≤ M ≤ 4 and ω0 = π/6. Also plotted is Pk (cos(ω) − cos(ω0)) = (|ω| − ω0)k/k!. These
functions are only plotted over the range of 0 < ω < π since they are symmetric with respect to ω = 0. (a) k = 1. (b) k = 2. (c) k = 3. (d) k = 4.

we yield

P4,1(x) = −2 x − 2
√

3x2 − 40

3
x3 − 36

√
3x4

P4,2(x) = 2 x2 + 4
√

3x3 + 98

3
x4

P4,3(x) = −4

3
x3 − 4

√
3x4; P4,4(x) = 2

3
x4.

We then substitute x with cos(ω) − cos(ω0) in the above
functions to obtain A4,k(ω) = P4,k(cos(ω) − cos(ω0)) for
k = 1, 2, 3, 4. They can also be of the forms

A4,1(ω) =
(
|ω| − π

6

)
− 51

5

(
ω − π

6

)5 − · · ·

A4,2(ω) =
(|ω| − π

6

)2

2! + 37
√

3

12

(
ω − π

6

)5 + · · ·

A4,3(ω) =
(|ω| − π

6

)3

3! − 29

24

(
ω − π

6

)5 − · · ·

A4,4(ω) =
(|ω| − π

6

)4

4! +
√

3

12

(
ω − π

6

)5 + · · · .

To illustrate how the number of power terms, M , affects
the amplitude responses of cardinal filters for fixed k, we plot
AM,k(ω) = PM,k(cos(ω) − cos(ω0)) and its target partially
equal polynomial (|ω| − ω0)

k/k! in Fig. 2. As anticipated,
Fig. 2 shows that for all M and k tested, AM,k(ω) is a precise
approximation to (|ω| − ω0)

k/k! not only in the vicinity of
ω = ω0 ≈ 0.167π but also for |ω| < cos−1(2 cos(ω0) −
1) = cos−1(2 cos(π/6) − 1) ≈ 0.2386π (cf. Footnote 2).
However, for those |ω|’s larger than cos−1(2 cos(ω0) − 1),
it is not necessary that a larger M induces a more accurate
approximation because such ω’s leads to an x’s outside the
radius of convergence of P∞,k(x).

To demonstrate that PM,k(x) varies with ω0, a few illustra-
tions are given as follows. If ω0 = π/4, the Taylor polynomials
of degree M = 4, respectively, for P1(x), P2(x), P3(x), and

P4(x) are given by

P4,1(x) = −√
2x − x2 − 4

√
2

3
x3 − 4 x4

P4,2(x) = x2 + √
2x3 + 19

6
x4

P4,3(x) = −
√

2

3
x3 − x4; P4,4(x) = 1

6
x4

while for ω0 = π/3, we have

P4,1(x) = −2
√

3

3
x − 2

√
3

9
x2 − 8

√
3

27
x3 − 28

√
3

81
x4

P4,2(x) = 2

3
x2 + 4

9
x3 + 2

3
x4

P4,3(x) = −4
√

3

27
x3 − 4

√
3

27
x4; P4,4(x) = 2

27
x4.

The desired PM,k(x) is reduced to a simple form as

P4,1(x) = −x − 1

6
x3; P4,2(x) = 1

2
x2 + 1

6
x4

P4,3(x) = −1

6
x3; P4,4(x) = 1

24
x4

when ω0 = π/2 since cos(π/2) = 0. �
The above examples obtain pk[m] by deriving the Taylor

polynomials of Pk(x). The next theorem shows that one can
actually obtain the desired coefficient of pk[m] via a recursive
formula, which simplifies the construction process of cardinal
filters, especially when M is large.

Theorem 3: Suppose 0 < ω0 ≤ π/2. For 2 ≤ k ≤ M
and with initial conditions P0(x) = 1 and P−1(x) = 0,
the differential equation below relates Pk(x) with Pk−2(x)

Pk−2(x) + (x + cos(ω0))
d

dx
Pk(x)

−[1 − (x + cos(ω0))
2] d2

dx2 Pk(x) = 0. (16)

Proof: The proof follows by substituting (13)
into (16). �

Theorem 3 immediately gives the recursive formula
for pk[m].
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Fig. 3. Recursion for pk [m] in Corollary 1 (and also in Corollary 2 with
p1[1] being replaced by 1/ sin(ω0)). Initial values are in blue. (a) k odd.
(b) k even.

Corollary 1: Suppose 0 < ω0 ≤ π/2. With the three initial
conditions: 1) pk[m] = 0 whenever k = −1, 0 or m = 0, 1
except k = m; 2) pk[m] = 1 when k = m = 0; and
3) pk[m] = −1/ sin(ω0) when k = m = 1, the coefficient
pk[m] can be obtained through the following recursion:

pk[m + 2] = cos(ω0)(2m + 1)(m + 1)pk[m + 1]
sin2(ω0)(m + 2)(m + 1)

+ m2 pk[m] + pk−2[m]
sin2(ω0)(m + 2)(m + 1)

(17)

for 1 ≤ k ≤ M and 0 ≤ m ≤ M − 2.
Proof: Substitute the Taylor series expansion of Pk(x)

defined in (13) into (16). Since the right-hand side of (16) is
zero, the coefficient of every power term xm on the left-hand
side should be zero, which immediately gives (17). Because
P0(x) = 1 and Pk(0) = 0 for 1 ≤ k ≤ M , the initial conditions
of p0[0] = 1, p0[m] = 0 for 1 ≤ m ≤ M , and pk[0] = 0 for
1 ≤ k ≤ M are confirmed. The initial condition that pk[1] = 0
for 2 ≤ k ≤ M follows from Theorem 3. �

We illustrate in Fig. 3 the recursive dependence of pk[m],
respectively, for k odd and k even, where the initial conditions
set the values of those terms in the first row and in the first
two columns. It indicates, for example, that p4[3] can be
determined using the values of p4[2], p4[1], and p2[1].

C. Cardinal Filters for π/2 < ω0 < π

The cardinal filters for π/2 < ω0 < π can be similarly
obtained by following the procedure in the previous section
except that a different Pk(x) is adopted.

For 0 ≤ k ≤ M , we redefine Pk(x) for π/2 < ω0 < π as

Pk(x) � [cos−1(−x + cos ω0) − ω0]k

k! . (18)

Then, PM,k(x) and P∞,k(x) can be similarly defined as
in (14) and (15), respectively.

In accordance with the new Pk(x) in (18), a different
φ(ω) = cos(ω0) − cos(ω) is chosen. Since φ(ω0) = 0 and
φ′(ω0) = sin(ω0) �= 0 for π/2 < ω0 < π , Theorem 1
indicates

PM,k(cos(ω0) − cos(ω))
M,ω0=== P∞,k(cos(ω0) − cos(ω))

(a)= Pk(cos(ω0) − cos(ω))
(b)= (|ω| − ω0)

k

k!
where

(a)= holds if x = φ(ω) = cos(ω0)− cos(ω) is within the

radius of convergence of the power series P∞,k(x),3 and
(b)=

is valid for −π < ω ≤ π . As a result, Theorem 2 can also be
applied for the new Pk(x) over π/2 < ω0 < π .

The efficient recursive computation of pk[m] over π/2 <
ω0 < π can be done similarly, which is summarized in the
theorem and the corollary below.

Theorem 4: Suppose π/2 < ω0 < π . For 2 ≤ k ≤ M
and with initial conditions P0(x) = 1 and P−1(x) = 0,
the differential equation below relates Pk(x) with Pk−2(x)

Pk−2(x) + (x − cos(ω0))
d

dx
Pk(x)

−[1 − (x − cos(ω0))
2] d2

dx2 Pk(x) = 0. (19)

Corollary 2: Suppose π/2 < ω0 < π . With the three initial
conditions: 1) pk[m] = 0 whenever k = −1, 0 or m = 0, 1
except k = m; 2) pk[m] = 1 when k = m = 0; and
3) pk[m] = 1/ sin(ω0) when k = m = 1, the coefficient
pk[m] can be obtained through the following recursion:

pk[m + 2] = − cos(ω0)(2m + 1)(m + 1)pk[m + 1]
sin2(ω0)(m + 2)(m + 1)

+ m2 pk[m] + pk−2[m]
sin2(ω0)(m + 2)(m + 1)

(20)

for 1 ≤ k ≤ M and 0 ≤ m ≤ M − 2.
Illustration of AM,k(ω) = PM,k(cos(ω0) − cos(ω)) and

its target partially equal polynomial (|ω| − ω0)
k/k! is given

in Fig. 4 for ω0 = 5π/6, and a similar observation to that
from Fig. 2 can be obtained.

D. Cardinal Filters for ω0 = 0 or π

When ω0 = 0 or π , the derivative constraints of (5)
equal zero when k is an odd number. Thus, AM (ω) can only
approximate the desired frequency response F(ω) subject to
derivative constraint in the form of (4) with even k. This
reduces (5) to

M∑

m=0

aM [m] · m2 j cos(ω0m + jπ) = d2 j (21)

for j = 0, 1, . . . , J . In matrix form, (21) can be written as
[ aM [0] aM [1] . . . aM [M] ] M

T = [d0 d2 . . . d2J ], where

3For the new Pk (x) defined in this section, the radius of convergence of the

power series P∞,k(x) becomes 1+cos(ω0). Thus
(a)= is theoretically effective

when −1 < cos(ω) < 1 + 2 cos(ω0), which indicates that PM,k(cos(ω0) −
cos(ω)) may deviate from (|ω| − ω0)k/k! for those ω’s satisfying
cos(ω) > 1 + 2 cos(ω0).
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Fig. 4. Plots of AM,k (ω) = PM,k(cos(ω0) − cos(ω)) for 1 ≤ k ≤ M ≤ 4 and ω0 = 5π/6. Also plotted is Pk (cos(ω0) − cos(ω)) = (|ω| − ω0)k/k!. These
functions are only plotted over 0 < ω < π due to their symmetry with respect to ω = 0. (a) k = 1. (b) k = 2. (c) k = 3. (d) k = 4.

the (i, j) entry of matrix M(M+1)×(J+1) is given by (i −
1)2( j−1) cos((i − 1)ω0 + ( j − 1)π). Retain the use of auxiliary
type-I FIR filters as AM,2 j (ω) = ∑M

m=0 aM,2 j [m] · cos(ωm)
for j = 0, 1, . . . , M , which, for all 0 ≤ j, � ≤ M , satisfies

d2�

dω2�
AM,2 j (ω)

∣∣∣∣
ω=0 or π

= δ j,�. (22)

It can then be confirmed through a similar procedure to (9) that
AM (ω) can be represented as AM (ω) = ∑J

j=0 d2 j · AM,2 j (ω),
provided J ≤ M . Redefine for ω0 = 0 or π

P2 j (x) � [2 sin−1(x)]2 j

(2 j)! . (23)

Denote by P2M,2 j (x) �
∑M

m=0 p2 j [2m] x2m the (2M)th
degree Taylor polynomial for P2 j (x) centered at the origin,
and let P∞,2 j (x) �

∑∞
m=0 p2 j [2m] x2m. Note that P2 j (x) is

an even function because sin−1(x) is an odd function. Accord-
ingly, the coefficients of odd degree terms of polynomial

P2M,2 j (x) must be zero. As such, P2M,2 j (x)
2M,0=== P∞,2 j (x).

For ω0 = 0, we take x = φ(ω) = sin(ω/2) to satisfy
φ(0) = 0 and φ′(0) = 1/2 �= 0, which by Theorem 1 gives

P2M,2 j

(
sin

(ω

2

))
2M,0=== P∞,2 j

(
sin

(ω

2

))

= P2 j

(
sin

(ω

2

))
= ω2 j

(2 j)! (24)

where (24) holds for −π < ω < π because x = sin(ω/2)
is within the unity radius of convergence of P∞,2 j (x). Since
ω2 j/(2 j)! is differentiable at the origin, we can then verify
that P2M,2 j (sin (ω/2)) satisfies (22). Moreover

P2M,2 j

(
sin

(ω

2

))
=

M∑

m=0

p2 j [2m]
(

sin
(ω

2

))2m

=
M∑

m=0

p2 j [2m]
(

1 − cos(ω)

2

)m

indicates that it can be expressed as a linear combination
of cos(ωm) for 0 ≤ m ≤ M . This concludes that we can

take AM,2 j (ω) = P2M,2 j (sin(ω/2)) as a construction of the
amplitude responses of cardinal filters. We summarize the
result in the next theorem.

Theorem 5: Let p2 j [m] be the coefficient of power
term x2m in the Taylor expansion of P2 j (x) in (23) for
ω0 = 0. Then, a construction of AM,2 j (ω) satisfying (22)
gives AM,2 j (ω) = ∑M

m=0 p2 j [2m] ((1 − cos(ω))/2)m , and its
corresponding cardinal filter equals

HN,2 j (z) = z−M
M∑

m=0

p2 j [2m]
(

1

2
− z + z−1

4

)m

. (25)

For ω0 = π , we take φ(x) = cos(x/2) instead, and it
satisfies φ(π) = 0 and φ′(π) = −1/2 �= 0, which by
Theorem 1 gives that

P2M,2 j

(
cos

(ω

2

))
2M,π=== P∞,2 j

(
cos

(ω

2

))

= P2 j

(
cos

(ω

2

))
= (|ω| − π)2 j

(2 j)!
(26)

where (26) is valid for 0 < |ω| ≤ π because x = cos(ω/2)
is within the unity radius of convergence of P∞,2 j (x) except
ω = 0. Again, (|ω| − π)2 j /(2 j)! is differentiable at ω = π
and hence P2M,2 j (cos(ω/2)) satisfies (22). In addition

P2M,2 j

(
cos

(ω

2

))
=

M∑

m=0

p2 j [2m]
(

cos
(ω

2

))2m

=
M∑

m=0

p2 j [2m]
(

1 + cos(ω)

2

)m

substantiates that it can be written as a linear combination
of cos(ωm) for 0 ≤ m ≤ M . As a result, P2M,2 j (cos(ω/2))
is one feasible choice of AM,2 j (ω). We then summarize the
result in the form of a theorem below.

Theorem 6: Let p2 j [m] be the coefficient of power
term x2m in the Taylor expansion of P2 j (x) in (23)
for ω0 = π . Then, a construction of AM,2 j (ω) satisfy-
ing (22) gives AM,2 j (ω) = ∑M

m=0 p2 j [2m] ((1+cos(ω))/2)m ,
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Fig. 5. Plots of AM,2 j (ω) = P2M,2 j (cos(ω/2)) for 1 ≤ j ≤ M ≤ 4 and ω0 = π . Also plotted is P2 j (cos(ω/2)) = (|ω| − ω0)2 j /(2 j)!. These functions are
only plotted over the range of 0 < ω < π due to their symmetry with respect to ω = 0. (a) j = 1. (b) j = 2. (c) j = 3. (d) j = 4.

and its corresponding cardinal filter equals HN,2 j (z) =
z−M ∑M

m=0 p2 j [2m] ((1/2) + (z + z−1)/4)m .
An example of the devised cardinal filters for ω0 = π is

accordingly provided.
Example 2: Take M = 4 and ω0 = π . Then

P8,2(x) = 2 x2 + 2

3
x4 + 16

45
x6 + 8

35
x8

P8,4(x) = 2

3
x4 + 4

9
x6 + 14

45
x4

P8,6(x) = 4

45
x6 + 4

45
x8; P8,8(x) = 2

315
x8

and the cardinal filters can be obtained by substituting
x = cos(ω/2) into the above functions. As an example

A4,2(ω) = P8,2

(
cos

(ω

2

))

= 205

144
+ 8

5
cos (ω) + 1

5
cos(2ω)

+ 8

315
cos(3ω) + 1

560
cos(4ω)

= 1

2
(ω − π)2 − 1

6300
(ω − π)10 + · · · .

We illustrate in Fig. 5 how the number of power terms, M ,
affects the amplitude responses of cardinal filters for fixed j .
Different from what has been shown in Figs. 2 and 4, a larger
M induces a more accurate approximation as the chosen
x = cos(ω/2) is always within the unity radius of convergence
of P∞,2 j (x) for 0 < |ω| ≤ π . �

We next provide two examples to demonstrate the flexibility
of the proposed structure, which can obtain variable digital
filters in closed form.

Example 3: Consider a variable-degree differentiator with
desired frequency response F(ω) = (ı ω)2n , where n =
1, 2, 3, 4. Take M = J = 4 and ω0 = 0. The
derivatives of F(ω) are given by d2 j = (−1)n(2n)!δ j,n.
Then, A4(ω) = d2 A4,2(ω) + d4 A4,4(ω) + d6 A4,6(ω) +
d8 A4,8(ω) synthesizes the frequency response of the
desired variable-degree differentiator. Specifically, setting

d � {d2,d4,d6,d8} = {−2!, 0, 0, 0}, {0, 4!, 0, 0},
{0, 0,−6!, 0} and {0, 0, 0, 8!} for n = 1, 2, 3, 4, respectively,
give the second, the fourth, the sixth, and the eighth degree
differentiators. Because only one component in d is nonzero,
the proposed structure is degenerated and functions similar to
a filter bank plus a multiplexer. �

Example 4: Consider a variable Gaussian filter with desired
frequency response F(ω) = e−ω2/2σ 2

that admits an adaptable
variable σ . The Taylor series of F(ω) expanded at ω0 = 0 is
F(ω) = ∑∞

�=0{(−1)�/[(2σ 2)� · j !]} ω2�. It can be synthesized
using the proposed cardinal filters, which gives AM(ω) =∑M

j=0 d2 j AM,2 j (ω) with d2 j = (−1) j/[(2σ 2) j · j !]. Since
{d2 j }M

j=0 can be adjusted according to σ , a variable Gaussian
filter design is established. �

The computation of p2 j [2m] becomes tedious when
M is getting large. Similar to what has been done in
Sections II-B and II-C, a recursive establishment of p2 j [2m]
that considerably simplifies the construction process of cardi-
nal filters is accordingly provided.

Theorem 7: Suppose ω0 = 0 or π . For 2 ≤ j ≤ M and with
initial condition P0(x) = 1, the differential equation below
relates P2 j (x) with P2 j−2(x)

4P2 j−2(x) + x
d

dx
P2 j (x) − (1 − x2)

d2

dx2 P2 j (x) = 0. (27)

Proof: The proof follows by substituting (23)
into (27). �

Corollary 3: Suppose ω0 = 0 or π . With the two initial
conditions: 1) p2 j [2m] = 0 whenever j = 0 or m = 0 except
j = m and 2) p0[0] = 1, the coefficient p2 j [2m] can be
obtained through the following recursion:

p2 j [2m + 2] = m2 p2 j [2m] + p2 j−2[2m]
(m + 1)(m + 1/2)

(28)

for 1 ≤ j ≤ M and 0 ≤ m ≤ M − 1.
Proof: Substitute the Taylor series expansion of P2 j (x)

defined in (23) into (27). Since the right-hand side of (27) is
zero, the coefficient of every power term x2m on the left-hand
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Fig. 6. Recursion for p2 j [2m] in Corollary 3. Initial values are in blue.

Fig. 7. Digital integrator that is synthesized using cardinal filters with
M = J = 4 and ω0 = 0.

side should be zero, which immediately gives (28). Because
P0(x) = 1 and P2 j (0) = 0 for 1 ≤ j ≤ M , the two initial
conditions are confirmed. �

We close this section by remarking that the recursive
computations for the two margin points ω0 = 0 or π evidently
involve less number of operations than those for 0 < ω0 < π
as indicated in Fig. 6, which might be regarded as an extra
advantage when approximating F(ω) at the two margin points.

III. PRACTICE OF FILTER DESIGNS

In this section, we will present applications of filter synthe-
sis using the proposed cardinal filters.

A. Cardinal-Filters-Based Digital Integrator

The desired frequency response of a digital integrator with
integer delay τ is given by Fint(ω) = e−ı τω/(ı ω), which
is generally IIR in nature. A design technique of IIR dig-
ital integrators is to structure them as a cascade of two
filters [28], [29]. One gives the frequency response of an
IIR filter, and the other is synthesized using an FIR filter design
approach. As a consequence of this technique, we factorize
Fint(ω) into Fint(ω) = (1/(1 − e−ı 2ω)) · 2e−ı (τ+1)ωsin(ω)/ω,
where the pole in Fint(ω) is absorbed into 1/(1 − e−ı 2ω),
and the residual part of 2e−ı (τ+1)ω sin(ω)/ω can be synthe-
sized using the proposed cardinal filters with target frequency
response F(ω) = sin(ω)/ω as illustrated in Fig. 7. A question
that follows such factorization is that the poles at z = 1
and z = −1 would make the cascade filter system unstable.
A simple way to resolve the stability issue is to cascade
additionally a bandpass prefilter [30].

Choosing M = J = τ + 1 and ω0 = 0, we syn-
thesize approximately F(ω) = sin(ω)/ω by the pro-
posed cardinal filters by targeting an AM(ω) satisfying
d2 j = (d2 j/dω2 j )F(ω)|ω=0 = (−1) j (1/(2 j + 1)) for
0 ≤ j ≤ J = τ + 1.

Fig. 8. Plots of F(ω) = sin(ω)/ω and its corresponding cardinal-
filters-based approximation AM (ω). (a) M = J = 1, 3, 5 and ω0 = 0.
(b) M = K = 1, 3, 5 and ω0 = π/2.

Take τ = 0 and τ = 3 as examples. For τ = 0,
Corollary 3 gives p2[2] = (02 · p2[0] + p0[0])/(1/2) = 2
with initially p0[0] = 1 and p2[0] = 0. Then, with ini-
tial values of p0[2] = p2[0] = 0, Theorem 5 implies
A1,0(ω) = ∑1

m=0 p0[2m]((1 − cos(ω))/2)m = 1 and
A1,2(ω) = ∑1

m=0 p2[2m]((1 − cos(ω))/2)m = 1 − cos(ω).
Therefore, by noting that d0 = 1 and d2 = −1/3 at ω0 = 0,
A1(ω) is synthesized as

A1(ω) = d0 A1,0(ω) + d2 A1,2(ω) = 2 + cos(ω)

3
(29)

which is exactly the Simpson integrator [28].
Similarly, for τ = 3, we have for 0 ≤ j ≤ 4, A8,2 j (ω) =

P8,2 j (sin(ω/2)) with P8,0(x) = 1 and

P8,2(x) = 2 x2 + 2

3
x4 + 16

45
x6 + 8

35
x8

P8,4(x) = 2

3
x4 + 4

9
x6 + 14

45
x8

P8,6(x) = 4

45
x6 + 4

45
x8; P8,8(x) = 2

315
x8.

Equation (25) then gives

H8,2 j(z) = 2z−4

1 − z−2

4∑

m=0

p2 j [2m]
(

1

2
− z + z−1

4

)m

.

Accordingly, the digital integrator can be synthesized as the
structure shown in Fig. 7.

We plot in Fig. 8(a) the resultant AM (ω) for M = J =
1, 3, 5 and ω0 = 0. From the figure, we observe that AM (ω)
is close to F(ω) in the vicinity of ω = 0 and deviates gradually
when ω moves away from the origin. This phenomenon
meets the expectation from Taylor polynomial approximation,
of which the accuracy improves progressively toward the
point of approximation. As an additional example, the case
of ω0 = π/2 is also provided in Fig. 8(b), for which the same
observation as for Fig. 8(a) can be made.
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Fig. 9. Plots of magnitude responses and frequency response errors of the
proposed integrator CM (ω) � (1/(1 − e−ı 2ω)) ·2e−ı (τ+1)ω AM (ω) for M =
τ + 1 = 1 and ω0 = π/2 and those of integrator designs HLP(eı ω) and
HST,α(eı ω) with α = 0.6 and α = 1. The parameter T is set to be 1.
(a) Magnitude responses. (b) Frequency response errors.

In particular, we compare the magnitude response of the
proposed Fint(ω)-synthesizer, that is

CM (ω) � 1

1 − e−ı 2ω
· 2e−ı (τ+1)ω AM (ω) (30)

for M = 1 and ω0 = π/2, with those of two integrator
designs4 in [29] in Fig. 9. Similar to the one for ω0 = 0
in (29), A1(ω) for ω0 = π/2 in (30) can be obtained via
Corollary 1 and Theorem 2, which gives

A1(ω) = d0 A1,0(ω) + d1 A1,1(ω)

= 2

π
· 1 +

(
− 4

π2

)
(− cos(ω)) = 2π + 4 cos(ω)

π2 .

Accordingly

C1(z) = 1

1 − z−2 · 2z−1 · 2π+2(z+z−1)

π2 = 4(z2+πz+1)

π2(z2 − 1)
.

Fig. 9 also plots the frequency response errors between these
integrator designs and the ideal frequency response Fint(ω).
As anticipated, the proposed cardinal-filters based integrator
design results in the smallest frequency response error in the
vicinity of ω0 = π/2.

4The transfer functions are quoted below for completeness

HST, α(z) =
T (3 − α)

(
z2 + 2 (3+α)

(3−α) z + 1
)

6(z2 − 1)

and

HLP(z) = T (0.476337z2 + 1.076644z + 0.476337)

z2 − 1
.

B. Cardinal-Filters-Based Digital Integrator
With MSE Enhancement

Recall in Section II-B that the radius of convergence of the
power series P∞,k(x) is strictly less than unity when 0 < ω0 <
π/2. This makes the resultant AM,k(ω) = PM,k(cos(ω) −
cos(ω0)) adversely move away from the target (|ω|−ω0)

k/k!
for cos(ω) < 2 cos(ω0) − 1 as M grows. In order to alle-
viate such problem and also to improve further the accuracy
of the cardinal-filters-based approximation, we may choose
an M that is larger than K and find d̃K+1, d̃K+2, . . . , d̃M

that minimize the weighted mean square error (WMSE) EK

between F(ω) and BM,K (ω), where

BM,K (ω) �
K∑

k=0

dk AM,k(ω) +
M∑

k=K+1

d̃k AM,k(ω).

For a given nonnegative weight function W (ω), the WMSE is
expressed by

EK = 1

2π

∫ π

−π
W (ω)[F(ω) − BM,K (ω)]2dω

= 1

2π

∫ π

−π
W (ω)

[
E(ω) −

M∑

k=K+1

d̃k AM,k(ω)

]2

dω

= 1

2π

⎛

⎝Z − 2
M∑

k=K+1

d̃kYk +
M∑

k=K+1

M∑

j=K+1

d̃k d̃ j Xk, j

⎞

⎠

where E(ω) � F(ω) − ∑K
k=0 dk AM,k(ω),

Xk, j �
∫ π
−π W (ω)AM,k(ω)AM, j (ω)dω, Yk �∫ π

−π W (ω)E(ω)AM,k(ω)dω and Z �
∫ π
−π W (ω)E2(ω)dω.

We then take the derivatives of EK with respect to d̃K+1,
d̃K+2, . . . , d̃M , and yield

∂ EK

∂d̃�

= 1

2π

(
− 2 Y� +

M∑

k=K+1

d̃k Xk,� +
M∑

j=K+1

d̃ j X�, j

)
= 0

for � = K+1, K+2, . . . , M . The minimizer of EK is therefore
given by

d̃ = X
−1Y (31)

where d̃ = [d̃K+1 d̃K+2 · · · d̃M ]T, Y = [YK+1 YK+2 · · · YM ]T
and X is the (M − K ) × (M − K ) matrix that has X K+k,K+ j

as its (k, j)th entry for 1 ≤ k, j ≤ M − K .
In parallel to Fig. 2(b), we illustrate the improvement

in accuracy by incorporating the MSE enhancement into
cardinal filters design with W (ω) = 1 in Fig. 10. The
constrained derivatives and minimizers adopted are listed
in Table I. We note that when |ω| > cos−1(2 cos(ω0) − 1) =
cos−1(2 cos(π/6) − 1) ≈ 0.2386π , a larger M in cardinal
filters design may not result in a more accurate approximation
AM (ω) to the target F(ω) under a fixed K = 2. Fig. 10
then indicates that the MSE enhancement can alleviate the
problem, especially in the area of |ω| > 0.2386π . This
improvement is achieved at the price of an acceptable
increment in |F(ω) − BM,K (ω)|2 for |ω| < 0.2386π ,
which results in a universally good approximation over
the entire −π < ω ≤ π to F(ω). For completeness,
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TABLE I

CONSTRAINED DERIVATIVES AND MINIMIZERS USED IN
FIGS. 10 AND 12. THE NUMBERS INSIDE BRACES

ARE THE WMSE MINIMIZERS OBTAINED

ACCORDING TO (31)

Fig. 10. Plots of F(ω) = sin(ω)/ω and its corresponding MSE-enhanced
cardinal-filters-based approximation BM,K (ω). Also plotted is the squared
difference between F(ω) and BM,K (ω). (a) 2 ≤ M ≤ 4, K = 2, and
ω0 = π/6. (b) Plots of |F(ω) − BM,K (ω)|2.

Fig. 11. Plots of Fint(ω) = (1/(1 − e−ı 2ω)) · 2e−ı (τ+1)ω (sin(ω)/ω) and
its corresponding approximation CM,K (ω). Also plotted is the frequency
response error between Fint(ω) and CM,K (ω). (a) 2 ≤ M ≤ 4, K = 2,
and ω0 = π/6. (b) Plots of |Fint(ω) − CM,K (ω)|.

the magnitude responses of the ideal digital integrator
Fint(ω) = (1/(ıω))e−ı τω = (1/(1 −
e−ı 2ω))2e−ı (τ+1)ωsin(ω)/ω and designed approximation
CM,K (ω) � (1/(1 − e−ı 2ω)) · 2e−ı (τ+1)ω · BM,K (ω) with
M = τ + 1, as well as the frequency response error between
them, are shown in Fig. 11.

Fig. 12. Plots of F(ω) = sin(ω)/ω and its corresponding MSE-enhanced
cardinal-filters based approximation BM,K (ω). Also plotted is the squared
difference between F(ω) and BM,K (ω). (a) M = 2, −1 ≤ K ≤ 2, and
ω0 = π/2. Note that B2,−1(ω) and B2,0(ω) are almost indistinguishable
here. (b) Plots of |F(ω) − BM,K (ω)|2.

Fig. 13. Plots of Fint(ω) = (1/(1 − e−ı 2ω)) · 2e−ı (τ+1)ω (sin(ω)/ω) and
its corresponding approximation CM,K (ω). Also plotted is the frequency
response error between Fint(ω) and CM,K (ω). (a) M = 2, −1 ≤ K ≤ 2,
and ω0 = π/2. Note that C2,−1(ω) and C2,0(ω) are almost indistinguishable
here. (b) Plots of |Fint(ω) − CM,K (ω)|.

On the other hand, Fig. 12 fixes M = 2 for BM,K (ω) and
varies K from −1 to 2, where K = −1 reduces the proposed
MSE-enhanced cardinal-filters-based design to the traditional
minimum MSE (MMSE) filter synthesizer. The constrained
frequency is changed to ω0 = π/2. The resultant constrained
derivatives and minimizers for this constrained frequency are
listed in Table I. The corresponding magnitude responses of
the ideal integrator Fint(ω) and its designed approximation
CM,K (ω) as well as their frequency response error are then
plotted in Fig. 13. We observe from the two figures that in
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Fig. 14. Plots of magnitude responses of the ideal low-pass and bandpass
filters and their corresponding MSE-enhanced cardinal-filters based approxi-
mations B5,J (ω) for −1 ≤ J ≤ 2. (a) Low-pass filters with cutoff frequency
0.35π and ω0 = 0. (b) Bandpass filters with passband (5π/12, 11π/12) and
ω0 = 2π/3.

situation where the power series P∞,k(x) converges for all
x = φ(ω) = cos(ω) − cos(ω0), combining cardinal filters
synthesis and MSE enhancement with −1 < K < M can
improve considerably the accuracy of approximation to F(ω)
at the vicinity of ω0.

C. Cardinal-Filters-Based Frequency Selective
Filters With MSE Enhancement

The type-I linear-phase FIR filter is suitable for the designs
of frequency selective filters such as low-pass, bandpass, and
high-pass ones. When being realized by the proposed cardinal
filters, the derivative constrained values are suggested to set
as d0 = 1 and d1 = d2 = · · · = dK = 0 if 0 < ω0 < π .5

The MMSE enhancement in Section III-B can again be
incorporated to solve d̃K+1, . . . , d̃M . The ideal response of a
frequency selective filter may be discontinuous at some points.
Apparently, these discontinuity points cannot be chosen as
ω0. A feasible choice of ω0 for low-pass and high-pass filter
designs is 0 and π , respectively. For a bandpass filter with
band edges ωc1 and ωc2, any ω0 between ωc1 and ωc2 can
be a candidate choice. We uphold this general view in this
section via cardinal filter designs of a low-pass filter and a
bandpass filter. The former has cutoff frequency 0.35π and
ω0 = 0, while the band edges of the latter are ωc1 = 5π/12
and ωc2 = 11π/12 with ω0 = 2π/3. Notably, when ω0 = 0,
the discussion in Section II-D indicates that

BM,J (ω) �
J∑

k=0

d2 j AM,2 j (ω) +
M∑

k=J+1

d̃2 j AM,2 j (ω).

Fig. 14 then shows that in comparison with the MMSE design
of B5,−1(ω), the proposed cardinal-filter structure such as
B5,1(ω) and B5,2(ω) can provide a smoother passband by
introducing minor fluctuations in stopband.

5When ω0 = 0 or π , the derivative constrained values become d0 = 1 and
d2 = d4 = · · · = d2J = 0 as indicated in Section II-D.

Fig. 15. Plots of F(ω) = −ω2 and its corresponding cardinal-filters based
approximation AM (ω) for M = K = 1, 3, 5 and ω0 = π/2.

In particular, for the exemplified low-pass filter, our pro-
posed design is actually identical to the derivative constrained
least squares FIR filter design optimally obtained by the
Lagrange multipliers method [31]. For example, B5,2(ω) coin-
cides with the filter solution parameterized with α = 0.5 and
m = 3 in [31]. Since the filter design in [31] relies on matrix
manipulations such as inversion, our proposed method is more
numerically stable especially when M is moderately large, for
which a numerical evidence will be given in Section III-D.

D. Cardinal Filters-Based Differentiator

The frequency response of the nth order differentiator with
integer delay τ is given by

Fdiff(ω) = (ı ω)n · e−ı τω. (32)

When n is even, the magnitude of (32) is symmetric with
respect to ω = 0, and hence our cardinal filters apparently
can be used to synthesize such differentiator. Choosing M =
K = τ , we reformulate (32) as Fdiff(ω) = F(ω)e−ı Mω,
where F(ω) = (−1)n/2ωn is the target type-I FIR filter to be
synthesized. The cardinal-filters-based differentiator can thus
be realized using

HN,k(z) = z−M
M∑

m=0

pk[m]
(

z + z−1

2
− cos(ω0)

)m

with 0 < ω0 < π . Fig. 15 illustrates the resultant AM (ω) for
the second-order differentiator with ω0 = π/2.

When n is odd, Fdiff(ω) should be reformulated as

Fdiff(ω) = 1 − e−2ı ω

2
· F(ω) · e−ı Mω (33)

where F(ω) is redefined as (−1)(n−1)/2 · ωn/sin(ω) and M =
K = τ − 1. For ω0 = π/2 and n = 1, we plot the target
F(ω) = ω/sin(ω) and its corresponding cardinal-filters-based
approximation AM (ω) in Fig. 16.6 A general realization of
digital differentiators for n odd is shown in Fig. 17.

In some recent practical design, the filter length N may be
required to be as large as several tens such as N = 40 in [26].7

6By csc(ω) = sec(ω − π/2) and Taylor expansion of sec(ω) around the

origin [32], we obtain that csc(ω) = ∑∞
k=0

(−1)kE2k
(2k)! (ω − π/2)2k . Thus,

F(ω) = ω/sin(ω) = (π/2 + (ω − π/2)) · csc(ω) = ∑∞
k=0 dk(ω − π/2)k ,

where the constrained derivative dk = (−1)(k−1)/2 Ek−1/(k − 1)! if k is odd,
and (π/2)(−1)k/2 Ek/k!, otherwise. Here, Ek is the kth Euler number.

7The transfer function adopted in [26] is in the form of
∑N

n=−N an z−n

with N = 20. Thus, their filter length should be doubled in accordance with
our transfer function formula in (1).
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Fig. 16. Plots of F(ω) = ω/sin(ω) and its corresponding cardinal filters
approximation AM (ω) for M = K = 1, 3, 5 and ω0 = π/2.

Fig. 17. Odd-order differentiator that is synthesized using cardinal filters
with M = K and ω0 = π/2. The coefficients {dk}M

k=0 are the derivatives

of the desired amplitude response F(ω) = (−1)(n−1)/2 · ωn/sin(ω) at
ω = ω0 = π/2 and G(z) = (1 − z−2)/2.

Fig. 18. NRMSE curves for desired magnitude response F(ω) = −ω2.
The dotted curve A1 is the NRMSE of AM (ω) synthesized by (2), where the
coefficients are solved via (6). The dashed curve A2 is the NRMSE curve
for AM (ω) synthesized by (9), where the cardinal filters are obtained by the
proposed method.

Yet, when N is within this range, the straightforward approach
that takes the inverse of M by means of a practical numerical
computation tool to resolve (6) may result in instability in its
solution. Nevertheless, the digital filters, which are synthesized
based on the proposed cardinal filters with coefficients pk[m]
recursively computed through (17), (20), or (28), are shown
to be numerically stable and can still be well applied when
N reaches hundreds.

As a support to the stability of the proposed cardinal-filters-
based design, an experiment is performed using differentiators
as a test vehicle, and the results are summarized in Fig. 18.
The performance index adopted is the normalized root mean
squared error (NRMSE) [26], defined as

NRMSE =
(∫ 0.9π

0.1π |AM (ω) − F(ω)|2dω
∫ 0.9π

0.1π |F(ω)|2dω

)1/2

where the two margins of integration range are chosen to be
equally away from the constrained frequency ω0 = 0.5π .
Approach A1 synthesizes AM (ω) with coefficients aM [m]
obtained by the backslash division operation as suggested by
MATLAB [33]. Approach A2 is the proposed cardinal-filters
based approach with recursively computed coefficients. All the
simulations were conducted using MATLAB Release R2013a.
We then observe from Fig. 18 that both approaches are

numerically stable when M is smaller than 20 (equivalently,
N < 40); however, when M exceeds 20, the cardinal-filters
based approach is significantly much stabler than the matrix-
inverse-operation-based Approach A1. The numerical stability
of the proposed cardinal-filters-based approach particularly for
the synthesis of large digital filters is thus evident.

IV. CONCLUSION

In this paper, a systematic approach to construct linear-phase
type-I FIR filters under derivative constraints was established.
It is structured as a linear combination of cardinal filters, where
the weighting coefficients are exactly the derivatives of the
desired frequency response at a specific frequency ω0.

An advantage of the proposed cardinal filters design is
that these cardinal filters are not dependent on the desired
frequency response but simply a function of the frequency
that the derivative constraints are imposed upon. It should
be noted that different from taking 0 < ω0 < π , special
treatment must be conducted when the derivative-constrained
frequency ω0 is either 0 or π . To facilitate and make efficient
their computations, recursive formulas for the coefficients of
cardinal filters were also determined.

The examples in Section III confirmed that the proposed
design approximates accurately the desired filter response
F(ω) in the vicinity of ω0 and gradually deviates from
F(ω) when frequency drifts away from ω0. This phenomenon
matches the expectation from Taylor series expansion, which
is accurate around the center point of approximation but not
at the region exterior to the approximation center.

Through examples in Sections III-B and III-C, we further
showed that the proposed approach can be combined with the
MSE enhancement to improve the accuracy of the traditional
MMSE filter design, particularly at the region near the center
frequency ω0. Through another example in Section III-D,
the numerical stability of the proposed approach for the syn-
thesis of derivative-constrained filters was also substantiated,
which confirmed the feasibility of the cardinal-filters-based
design in practical systems.

We end this paper by addressing a comparison of the
proposed structure with some existing designs of derivative
constrained filters. In comparison with existing designs of
derivative constrained filters (see [4], [6], [14]), the proposed
structure has the advantage of being applicable to synthesize
any type-I FIR filters, while those in [4], [6], and [14] are
targeted for specific filters, in particular [4] for low-pass
filters, [6] for low-pass differentiators, and [14] for Hilbert
transformers, full-band differentiators, and fractional delay
filters. We remark that although the proposed structure can be
used to synthesize a low-pass filter with derivative constraints
at, e.g., ω0 = 0 and π as did in [4], the resulting one
cannot achieve the same accuracy as the IIR Butterworth filters
proposed in [4] because the IIR filters are of nonlinear phase,
while the proposed structure is of linear phase. To design the
low-pass differentiators in [6] or the full-band differentiators
in [14] using the proposed structure, however, can result in an
identical synthesis frequency response as those in [6] and [14].
With certain modifications, the proposed structure can also be
used to design a fractional delay filter, which is regarded as
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a future work of this paper. Preliminary investigation for fur-
ther extension of cardinal-filters-based designs with derivative
constraints at two or more frequencies has been conducted in
[34] and [35], which is another future work of interest.
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