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Abstract—In [6], Csiszar established the concept of forward 3-cutoff
rate for the error exponent hypothesis testing problem based on indepen-
dent and identically distributed (i.i.d.) observations. Given 3 < 0, he
defined the forward 3-cutoff rate as the number R, > 0 that provides
the best possible lower bound in the form 3(E — R,) to the type 1
error exponent function for hypothesis testing where 0 < E < R,
is the rate of exponential convergence to O of the type 2 error proba-
bility. He then demonstrated that the forward B-cutoff rate is given by
D1 /1-5)(X||X), where D,(X || X) denotes the Rényi c-divergence
[19], &« > 0, ¢ # 1. Similarly, for 0 < B < 1, Csiszar also established
the concept of reverse 3-cutoff rate for the correct exponent hypothesis
testing problem.

In this work, we extend Csiszar’s results by investigating the forward
and reverse 3-cutoff rates for the hypothesis testing between two arbi-
trary sources with memory. We demonstrate that the lim inf Rényi o-di-
vergence rate provides the expression for the forward 3-cutoff rate. We
also show that if the log-likelihood large deviation spectrum admits a limit,
then the reverse 3-cutoff rate equals the liminf c-divergence rate, where
a = ﬁ and 0 < B < Biuax, Where 3,,., is the largest 3 < 1 for
which the lim inf 1%-divergence rate is finite. For Bmax < 8 < 1, we
show that the reverse cutoff rate is in general only upper-bounded by the
lim inf Rényi divergence rate. Unlike in [4], where the alphabet for the
source coding cutoff rate problem was assumed to be finite, we assume ar-
bitrary (countable or continuous) source alphabet. We also provide several
examples to illustrate our forward and reverse 3-cutoff rates results and
the techniques employed to establish them.

Index Terms—a-divergence rate, arbitrary sources with memory, for-
ward and reverse cutoff rates, hypothesis testing error and correct expo-
nents, information spectrum, large deviation theory.

I. INTRODUCTION

In [6], Csiszar established the concept of forward 3-cutoff rate for
the hypothesis testing problem based on independent and identically
distributed (i.i.d.) observations. Given 3 < 0, he defined the forward
3-cutoff rate as the number Ry > 0 that provides the best possible
lower bound in the form 3(E — Ry) to the type 1 error exponent func-
tion for hypothesis testing where 0 < E' < Ry is the rate of exponen-
tial convergence to O of the type 2 error probability. He then demon-
strated that the forward 3-cutoff rate is given by Dy /1_ s (X|[|X),
where D, (X || X) denotes Rényi’s a-divergence, v > 0, v 7 1 [19].
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Csiszar also established the concept of reverse 3-cutoft rate for the hy-
pothesis testing problem based on i.i.d. observations. Given 3 > 0,
he defined the reverse 3-cutoff rate as the number 2o > 0 that yields
the best possible lower bound in the form 3(E — Ro) to the hypoth-
esis testing type 1 correct exponent (or reliability) function where 0 <
Ry < FE is the rate of exponential convergence to 0 of the type 2 error
probability. He then showed that the reverse 3-cutoff rate is equal to
D, ;(1— (X || X). These results provide a new operational significance
for the a-divergence.

The error exponent for the binary hypothesis testing problem has
been thoroughly studied for finite-state i.i.d. sources and Markov
sources. The results for i.i.d. sources can be found in [7], [10], [12],
and for irreducible Markov sources in [1], [15]. The error exponent for
testing between ergodic Markov sources with continuous state—space
under certain additional restrictions was established in [13]. In its
full generality, i.e., for arbitrary sources (not necessarily, stationary,
ergodic, etc.), the error exponent was studied in [5], [8], [9], [14], and
[11]. Specifically, in [8], [9], Han established expressions for the type
2 error and correct exponents. While Han’s error exponent formula
holds in full generality, his reverse exponent characterization requires
some technical assumptions on the log-likelihood large-deviation
spectrum. In [14], Nagaoka and Hayashi generalized Han’s results in
the larger quantum hypothesis testing setting and without requiring
any conditions. Recently, Iriyama [11] revisited Han’s results without
imposing any asumptions and provided alternative expressions for
the type 2 error and correct exponents in terms of the spectral
inf / sup-divergence rates.

In the sequel, we extend Csiszdr’s results by investigating the for-
ward and reverse 3-cutoff rates for the hypothesis testing between two
arbitrary sources with memory. We demonstrate that the lim inf Rényi
a-divergence rate provides the expression for the forward 3-cutoff rate.
Our proof relies in part on the formulas established in [8], and consid-
erable extensions of the techniques used in [4] that generalize Csiszar’s
source coding cutoff rate results for arbitrary discrete sources with
memory. Unlike in [4], where the source alphabet was assumed to be
finite, we assume arbitrary (countable or continuous) source alphabet.
The methods used in our proof are a mixture of the techniques used in
deriving the forward and reverse 3-cutoff rates for source coding [4].
However, some new techniques are also needed to obtain our result.

We also investigate the reverse J-cutoff rate problem for arbitrary
sources with memory. We show that if the log-likelihood ratio large-
deviation spectrum p( R) admits a limit, then the lim inf a-divergence
rate with « = ﬁ provides the expression for the reverse [3-cutoff
rate for 0 < 3 < fmax, Where Omax is the largest 5 < 1 for which the
lim inf 1l—@, -divergence rate is finite. We also observe (via an example),
that if the limit of p(R) does not hold, the reverse cutoff rate may not
equal the lim inf Rényi divergence rate in general. For fmax < 3 < 1,
we show that the reverse 3-cutoff rate is in general only upper-bounded
by the lim inf Rényi divergence rate.

The rest of the paper is organized as follows. In Section II, we briefly
recall previous results by Han [8] on the general expression for the
Neyman—Pearson type 2 error subject to an exponential bound on the
type 1 error. In Section III, we establish the formula for the forward
3-cutoff rate, and we illustrate it via some examples in Section IV. In
Section V, we recall the general expression for the reliability function
of the type 2 probability of correct decoding [8] and formulate the re-
verse [3-cutoff rate problem by carefully examining the inconsistency
of definitions between [6] and [8]. In Section VI, we investigate the
reverse (3-cutoff rate, and in Section VII, we illustrate it with some ex-
amples. Finally, we conclude in Section VIIIL.
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II. HYPOTHESIS TESTING ERROR EXPONENT

Let us first define the general source as an infinite sequence

X={x"2,2 {)g = (X§”>,...,X£1">)}°“ 1
of n-dimensional random variables X ™ where each component random
variable X,;(n) (1 < ¢ < n) takes values in an arbitrary (countable or
continuous) set X that we call the source alphabet. Given two arbitrary
sources X = {X"1°2; and X = {X"}2%, taking values in the
same source alphabet { X" }72, we may define the general hypothesis
testing problem with X = {X™}2%, as the null hypothesis and X =
{X"152, as the alternative hypothesis.

Let A, be any subset of X", n = 1,2, ..., that we call the accep-
tance region of the hypothesis testing, and define

fn EPr{X" ¢ A,} and A\, 2Pr{X" € A,)}

where p,,, A, are called type 1 error probability and type 2 error prob-
ability, respectively.

Definition 1 [6]: Fix E > 0. Arate r is called F-achievable if there

exists a sequence of acceptance regions .4,, such that

1
liminf ——log A\, > F.

n—o0 n

1
liminf ——log p,, > and

n—0o0 n

Definition 2 [6]: The supremum of all E-achievable rates is de-
noted by D.(E|X||X)

D.(E|X||X) £ sup{r > 0 : r is E-achievable}

and D.(E|X||X) = 0 if the above set is empty (which is a degenerate
uninteresting case). The dual of the function D.(E|X||X) is defined
as

B.(r|X||X) £ sup{E > 0 : E is r-achievable}
and B. (r|X||X) = 0 if the above set is empty.

Proposition 1 [8]: Fix r > 0. For the general hypothesis testing
problem, we have that

B.(r| X||X) = fleléfu@{B +n(R):n(R) <r}
where!

1 1 Pxn (2"
n(R) £ liminf ——log Px» { 2" € X" : = log w <R
n—oo  n n Psn(zm)

is the large deviation spectrum of the normalized log-likelihood ratio.

For the sake of simplicity, we assume throughout that the source al-
phabet is countable. However, we will point out the necessary modifi-
cations in the proofs for the case of a continuous alphabet. Proposition 1
is the main tool for our key lemma in Section III.

III. FORWARD [3-CUTOFF RATE FOR ARBITRARY SOURCES

Definition 3 [6]: Fix 3 < 0. Ry > 0is aforward 3-achievable rate
for the general hypothesis testing problem if

D(E|X||X) 2 B(E — Ro)
for every £ > 0, or equivalently
B.(rIX||IX) > Ro +

ITf the source alphabet X’ is continuous, then Py (X ™) plays the role of the
density function fxn~ (X ™), when it exists.
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D.(E|X|X)

B(E - RY (81X X))

\

RY (81X |1X) B

Fig. 1. A graphical illustration of the forward S-cutoff rate, RS (3] X|X),
for testing between two arbitrary sources X and X.

for every » > 0. The forward 3-cutoff rate is defined as the supremum
of all forward 3-achievable rates, and is denoted by R(()j N(BIX|1X).

Note that in the degenerate case where D, (E|X || X)) is identically 0,
we have that R((]f) (8|X]|X) = 0. We herein assume that D (E| X || X)
is not 0 for all values of E. A graphical illustration of the forward
3-cutoff rate R((J‘f ) (81X || X) for testing between two arbitrary sources
X and X is given in Fig. 1.

Before stating our main result, we first observe in the next lemma that
the forward 3-cutoff rate R((]f )(8|X||X) is indeed the R-axis intercept

of a support line of slope % to the large deviation spectrum 7( R).

Lemma 1: Fix 3 < 0. The following conditions are equivalent:

(YRER) n(R) > (B~ R) ()
and
(Vr>0) B(rIX|X) 2 Ro+ . @)
Proof:
a) Equation (1) =>(2). For any r > 0, we obtain by Proposition 1
that

(V6 > 0)(FRs withn(Rs) < 1)
B.(r|X|X) 45> Ry +n(Rs).

Therefore,

B.(r|X||X) > Rs + n(Rs) —

3
ZHé—é—l—ﬁ/_l(Ro—Ré) 3)
_ B _ _Bs
- é+/za—1R° -1

ﬁ Ro r
> — — .
= ‘5+/3—1R° 3-1713 @
=" +Ro—6 &)

3
where (3) follows from (1), and (4) holds because
Ié;
-1

Since ¢ can be made arbitrarily small, the proof of the forward
part is completed.

r > n(Rs) >

(Ro — Rs).
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b) Equation (2) =-(1). Inequality (1) holds trivially for those R sat-
isfying n(R) = oo. For any R € R with n(R) < oo, let
rs 2 n(R) + 6 for some 6 > 0. Then (by Proposition 1)

B.(rs|X||X) < R+ n(R).

Therefore,
n(R) > B.(rs|X|IX) -
2%+%—B
R
—Ro+ M0 ©6)
3 3
where (6) follows by (2) Thus,
6
n(R) > R+ —— i-1
Since 6 can be made arbltrarlly small, the proof of the converse
part is completed. O

Theorem 1 (Forward (3-Cutoff Rate Formula): Fix 5 < 0. For the
general hypothesis testing problem

R(()f)(’3|x||)_() = liminf lDﬁ(Xn”Xn)
n—oc N -

where

Da(X"[IX") 2

Lo ( > [Pn (@) [Py (w")]“)
,r,“EA’”

is the n-dimensional «-divergence.?
Proof: Note that n(R) > 0 for some’ R € R.
1) Forward part:

RS (31X ||X) > liminf lDﬁ(X“HX'“).
n—oo N —
By the equivalence of conditions (1) and (2), it suffices to show that

/3
r lim inf -
- p-1 n—oo 7

Indeed, we have the following:

(VR eER)n(R

pr L1 PX"(‘S{ ) <R
n Py n(X™)
log Bxn(X™)
=Pr |:e H108 P (X > e MR fort >0

< e'”R< > [Pxn(x“)]l‘t[Pxn(w”Hi) @)
Fncxn

= exp {—nt (llet(X"HX") - B)}
n

for 0 < t < 1, where (7) follows by Markov’s inequality. Therefore,
1 _
n(R) >t (liminf flet(X"HXn) - B>

=- b <hmmf D —— (X IX™) - B),

/3 -1 n—oo M

;
forﬁ——1<0

2) Converse part:
R (31X ||X) < liminf =D (XX,
n—oc N —f

- 2If the source alphabet is continuous, and it admits densities under X ™ and
X", then the n-dimensional «-divergence is given by

D187 2 L to ([l M w100 )

3SIf n(R) = 0 for all R € R, then
B(rIXIX) = inf (B +n(R)n(R) < r} = inf () = -

contradicting that B. (+|X||X) is, by definition, an exponent and should be
always nonnegative.
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The converse holds trivially if
lim inf — ; D L (X (1X™)
is infinite. Hence we can assume that
1 _
liminf =D _, (X"||X™") < K
n—oo M 1-3
where I is some constant. By the equivalence of conditions (1) and

(2), it suffices to show that for any 6 > 0 arbitrarily small, there exists
R = R(§) € R such that

n(R) < ; <3é —I—hmmf D 1 ()& (1X™) —E) .

Consider the twisted distribution defined as
Ja ol P )
Y [P [P (]~
i, n e l’ n
=exp { |:10g o ( ; + let(X"HX")] } Pyn(a™)
(8)

where t = 3/(3 — 1). Note that 0 < ¢ < 1. Let V be a set of positive
integers such that

P (2"

]. n on . . ]- n v
wedim S Diyo—p (XTIXT) = liminf 2Dy (X7 X
)
and define
T_sup{REH ([)(R)>0}
where

n'(R) £ liminf

n€N n—oo
1 (t) n m ]- P Xn ( xr )
——log Pyn <« A" 1 <
n 084X { € %6 p ) = B
is the twisted large-deviation spectrum of the normalized log-likeli-

hood ratio with parameter ¢, and 7 satisfies (cf. Lemmas 3 and 4 in
Appendix A) that

1
—co <7< lim =D (X"|X™)

neEN ,n—oo N

= liminf = D1 (XX < K.

n— oo

We then note by definition of 7;(” () and the finiteness property of 7
that for any 6 > 0, there exists = > 0 such that

M 6y — T ind
1 =0 = it
1 (t) n. 1 Pxn (J,n)
——log Py, x" € X '—l - -6 € .
n CBTX { 8P (ar) ST >e>0

As a result

P]@l { eXx" = lgpn—H>T—5}

PX n (Tn
>1—e " forn € N sufficiently large.
On the other hand, define

B tpint 1o PY) {’" X % ‘R}
and
Fa 111f{R ER: i(t)(R) > 0}'

Then by noting that
Pxn(2") ")
PX"( xr )

) n
PO, (")

1
=D (X"|IX") — ~log =21
IR = e )

log
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we have
f i v
7 R)=0¢ <—tR—|— ~Dy (XX ))
and
_ ]. 1 [ v
T=-7 sup{R € R:s (R) > 0} + ;Dl_i(X [|X™)
]- T v
< =D (XX (10)
< K forn € N sufficiently large (11)
where

c(R)2 hm inf —— log P)(f?z

cN n—oo

PO "
—— <R
Pxn (’L‘") -

1
{/ nex;n__l og
(10) follows from Lemma 5 in Appendix A, and (11) holds by definition
of K. This indicates the existence of £ > 0 such that 77“)([() > Z,
which immediately gives that for n € A sufficiently large

P{) {4 en": %log %EW; > K} <e "

Therefore, for n € A sufficiently large
P {x EX" K > L - log iig‘in - 5}
=P {z” ex": —1 ?‘j(in) >7— 6}
~PO e e Lon P 2 )

ne —née
— €

>l—e" (12)
Let I, £ (7 — 68,b1), and
K—-—7+456

26
where by £ (7 — 6) + 2ké for 1 < k < L,and by, £ K. By (12),
there exists 1 < k(n) < L such that

DPxn(z")
I
8 P © ’CW}
l—e " —e

L

Ie & [be 1 bp)for2 < k< L2 {

P {;p" ex": 1

—nég

>

13)
for n € A sufficiently large. Then, by letting
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we obtain that for n € N sufficiently large

. n . 1 P\”(L )
Pxn {x eX - — log Pen (.r") <R
n n PX”(" ) }
> Pxn<iz" € X" 10 761 n
=0 { pX”( DR

However, for sufficiently large n € N, we have (14) and (15) at the
bottom of the page, where (14) follows from (8), and (15) follows from
(13). Consequently

n(Ry) = lim inf

1 n n Pxn(r
— —log Pxn < X '—1 7<R
. {L € P)(n( Yy~ 1}
< liminf
neN ,n—oo
—Liog Py {a €X": 1 Pxn(a") < RL}
n PXn(r”

gt(— limsup bgeny— 1+ hmmf
neEN ,n—o0 EN,n—

_D‘]_f(zY"HXn))

<t <— lim sup byn) + 26 + hm 1nf D1 (XX ))
ne€N n—oo

=t <3(5 + lim inf flet(XnHXn) - Hl) .
n—oc N
Since 6 can be made arbitrarily small, the proof is completed.

Observations:

1) While the proof of the forward part is straightforward, the proof
of the converse part is considerably more complex. The objective of the
converse part is to demonstrate that if lim inf, — o %let (xr ||X ™)
is slightly shifted to the right (by a factor of 34), then there exists a
coordinate R such that a straight line of slope 3/(1 — ) given by

3
g—-1

y= (36 +11m 1nf D1_f(\’"||)& "y = )

lies above the curve of n(R) at R = R, thus violating its status of
support line for n(R).

This proof is established by observing that the desired coordinate
R lies in a small neighborhood of 7, where 7 is the smallest point for
which 77“) (R) vanishes. A key point is to choose the twisted parameter
t to be equal to 3/(3 — 1) which is the negative slope of the support
line to 7 ( R). We graphically illustrate this observation (based on a true
example involving binary memoryless or i.i.d. sources) in Fig. 2. The

R = nleu;r} zipx by + computational details are described in Example 1 (cf. Section IV).
. n 1 Pxn(a") } n
Pxn<ax" e X" : l eI ) = Pxn(z"
{ B Pn(am) - 2 =)

{ emexn: 110g’5€—21n;ejk(72)}

{ znEXm: 1 log

1— 6—n5 _

> (o BRI
'YHEZW;GT’“(")}
> e t(“br(ny 1T EDI(XTIX™) Z PO (2™
_ e—nt(—hk(n)—ﬁ%Dl_t(x”l\?”))P;((tl {l‘n €X": : IOg L() € Ik(n)}
Py (am)
" (b D1 (XTIXT) (15)

L
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Dyja-p)(X|IX)

Tlog(3/2) T

0  D(X|X) R

Fig. 2. Functions n(R), (Y (R), and (3/(8 — 1))[liminf, . « %D% (X || X™) — R] for testing between two binary memoryless sources X = {X;}22,

—B

and X = {X;}°°, under the distributions (1/2,1/2) and (1/4,3/4), respectively, and with 3 = —7. When R < —log(3/2), n(R) = n¥(R) = c.

n(R)

Dyja-p)(X[1X)

DRX|X) R

Fig. 3. Functions n(R), n™(R), and (3/(8 — 1))[liminf,, _, o %Dﬁ (X™||X™) — R] for testing between two memoryless sources X = {X;}°, and
X = {X,}:2, under the Gaussian distributions N (v, 1) and N (—v, 1), respectively, and with 8 = —0.5.

2) Note also that the proof holds if the alphabet is countable or con-
tinuous as opposed to the source-coding forward and reverse [-cutoff
rates results [4], where the finiteness property of the alphabet is neces-
sary. The modifications in the proof for the continuous case are clear.
Simply, replace the probability mass function by the proper proba-
bility function and the summation by integration. We graphically illus-
trate this observation (based on a true example involving memoryless
Gaussian sources) in Fig. 3. The computational details are described in
Example 2 (cf. Section IV).

3) The proof of the hypothesis testing forward 3-cutoff rate is more
involved than the proof of the source coding forward 3-cutoff rate result
given in [4]. The main difficulty arises from the formula in Proposition
1 where the infimum for R is taken over the entire real line contrary
to [4, Proposition 1] for source coding where I? ranges from 0 to occ.
This requires us to deal separately with the degenerate case 7 = —oo
(cf. Lemma 4 in Appendix A). Also, the technique used to prove the

forward 3-cutoff rate for hypothesis testing relies on the proofs of both
the source coding forward and reverse /3-cutoff rates, but in major parts
though similar to the reverse source coding /3-cutoff rate.

4) If the sources X and X are arbitrary (not necessarily stationary,
irreducible) time-invariant finite-alphabet Markov sources of arbitrary
order, then we know that the «-divergence rate exists and can be com-
puted [17], [18]. Thus, in this case, the forward 3-cutoff rate for testing
between Markov sources can be obtained. Also, from the definition of
R\ (8 |X||X), it follows directly that for all E > 0

D.(EIX||X) > sup [3(E - R (31X X))]
8<0

Note that this convex lower bound is computable for the entire class of
Markov sources, while D, (E|X||X) is not necessarily computable in
general (it is computable for irreducible Markov sources [1], [15], see
Fig. 4). We graphically illustrate this observation for testing between
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0 R (81X |1 X) E

Fig. 4. Convex lower bound for testing between irreducible Markov sources.Each line of slope 3 intersects the E-axis at Réf )(;5 | X||X). Proceeding from left

to right, the values of 3 are —5, —3,—2,—4/3,—-1,—-2/3,-1/2,-2/5.

irreducible Markov sources in Fig. 4 and arbitrary Markov sources (not
necessarily stationary, irreducible) in Fig. 5. The computational details
are described in Examples 3 and 4 (cf. Section IV).

IV. EXAMPLES FOR THE FORWARD 3-CUTOFF RATE

Throughout this section, the natural logarithm is used.

Example 1 Finite-Alphabet Memoryless Sources: Naturally, in this
case, the forward cutoff rate expression is readily known as Theorem
1 reduces to Csiszar’s result [6]. But this example is useful to illustrate
the proof method discussed in Observation 1 of Section III since n( R)
and 5 (R) can be explicitly derived.

Consider the binary hypothesis testing between two memoryless
(i.i.d.) sources X = {X;}52; and X = {X,}52, under the distribu-
tions (1/2,1/2) and (1/4, 3/4), respectively. Then the log-likelihood

ratio Z = log g;( gg has the following distribution:

Pr{Z =log(2)} =1 —-Pr{Z =log(2/3)} = 1/2.

By Cramer’s theorem [3, p. 9], we get that

00, R < —log(3/2)
log(2), R = —10g(3/2)
lng(log(S/Q)-&-R)—lng(log(?)—F.’,)R
L tee(®
+19502) log(log(3/2) + R)
n(R) = —1—12253 log(log(2) — R)

+log(2) — log(log(3)), —log(3/2) < R
< E[Z] = log(2)
—log(3)/2

0, otherwise

where E[Z] denotes the expectation of the random variable Z. Let R’
be the rate at which the line of slope 5/(1 — ) is tangent to 7(R). By
straightforward calculations, we get that

log 3

R =log2 —

14378

and that the forward 3-cutoff rate R/’ (3|X||X), which is the R-axis
intercept of the tangent line of slope 3/(1 — 3) to n(R), is given by

8-
3

: - 23 -1
R (BIX(1X) =~

log2 —

1 8
log (1 + 31—ﬂ) ~log3.
On the other hand, the a-divergence between X under X is given by

o 1 —
Do(X|IX) = — ((ar = 2)log2 +log(1 +3'~"))

which yields

DL (X|X) = 20 =1y y9 P21

log (1 + 3%) “log3.

Note that the forward 3-cutoff rate, R(()f) (8|X||X) and the lim inf a-
divergence rate (which is equal to the «-divergence since the sources
are memoryless) of order a = 1/(1 — 3) are equal as expected from
Theorem 1. Let us now derive 7 in order to check that 7 = R'. First,
we need to compute s (R). The set \ is equal to the set of natural
numbers in this case. Note that the distribution of the random variable
Z under the twisted distribution with parameter 0 < ¢ < 1 is given
by

PY{Z =1og2} =1/(1+ 3"
and
PW{Z =1og(2/3)} =3"/(1+ 3").
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o

RY (81X X) ‘ E

Fig. 5. Convex lower bound for testing between arbitrary Markov sources.Each line of slope 3 intersects the E-axis at Rf)f ) (81X ||X ). Proceeding from left to

right,the values of 3 are —5,—3,—2,—-1,-2/3,-1/2,-2/5,—-1/6.

By Cramer’s theorem [3, p. 9], we get that

(o<, R< —1log(3/2)
log(1+3"), R=—1log(3/2)
t(R —log 2)
+log(log(S/Q)ﬁfg(gﬁ‘)g(log(Z)—H‘)R

SO Ry | T us los(lo8(3/2) + R)
+12E log(log(2) — R)
+log(1+3") —log(log(3)), —log(3/2)< R
<E[z"] = les2
o ray 3t
+10g(2/3) 57
0, otherwise

where E[Z (t)] denotes the expectation of the random variable Z o,
Therefore,

t

1437

log 2
1+3¢

T =

+1og(2/3)

It is easy to check that indeed we have 7 = R’ when the twisted param-
eter t is chosen to be 3/(/3 — 1). This example is illustrated in Fig. 2
for 3 = —7.

Example 2 Continuous Alphabet Memoryless Sources: Consider
the hypothesis testing problem between two memoryless sources
X = {X;}2, and X = {X;}2, under the Gaussian distributions
N(v,1) and N(—v,1), respectively, where N(a,b) represents a
Gaussian distribution with mean « and variance b. It is easy to check
that the log-likelihood ratio Z = log gé;}; is Gaussian distributed
with mean 202 and variance 412, which gives ‘that the moment
generating function of Z is E[¢"”] = 2V 02?07 By Cramer’s
theorem, we get that

(R —2v%)°, R<2/°
0. otherwise.

) =

Let R’ be the rate at which the line of slope 3/(1 — /3) is tangent to
n(R). We have that

21+,3

i
=2 .
R V1_8

Thus, the forward 3-cutoff rate RE‘”(MX |X), which is the R-axis

intercept of the tangent line of slope 3/(1 — 3) to (R), is given by
1

1-3°

On the other hand, the a-divergence between X under X is given by

D.(X||X) = 2v%«, which yields

R (5|X(1X) = 2v°

= a2 1
Dﬁ(XH)g) =2v =5

Note that the forward 3-cutoff rate Réf) (8]X||X), and the lim inf a-
divergence rate (which is equal to the «-divergence since the sources
are memoryless) of order & = 1/(1 — /3) are equal, as expected from
Theorem 1.

Now, let us compute s (R). The set A" in this case is equal to the
set of natural numbers. For some normalization constant C'

P;((t) (z")=C - exp {—% Z(:c;—l—l/)Q} exp{—? Z(r,—y)Z}
=1 =1

—C - exp {—% Z[t(mi+1/)2+(1—t)(w;—y)2]}

=C-exp {—% Z(;p?+2('2t - l)z/wz-+1/2)}

=1

which is a Gaussian distribution with mean (1 — 2¢)v and unit variance.
Similarly, by invoking Cramer’s theorem, we get that,

1 1v9,,2)2 e 2

n(f,)(R) _ e (R4 (2t—1)2v°)°, R< (1 2t)2v

0, otherwise.
Hence, 7 = (1 — 2¢)2»7. It is straightforward to check that 7 = R’
when the twisted parameter 7 is chosen to be 3/(3 — 1). This example
is depicted in Fig. 3 for 3 = —0.5.
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Example 3 Irreducible Finite-Alphabet Markov Sources: Suppose
that X and X are two irreducible Markov sources with arbitrary initial
distributions and probability transition matrices I” and () defined as

follows:
P () en (U 1),

Define a new matrix R = (r;;) by

vy =phay " =01
The a-divergence rate between X and X exists and is given by

1
a—1
where A is the largest positive real eigenvalue of R [17], [18]. Hence,
the computation of the convex lower bound for D.(E|X || X) is easily
obtained as shown in Fig. 4 for the values

B3=-5-3-2,-4/3,-1,-2/3,-1/2,-2/5

lim lDL,(;‘('“||X—”) =
n

n—oo

log A

(proceeding from left to right), where « = —L—- Note that in this case

-3
the convex lower bound is tight [1], [15].

Example 4 Arbitrary Finite-Alphabet Markov Sources: Suppose
that X and X are two arbitrary Markov sources with arbitrary initial
distributions and probability transition matrices P and () defined as
follows:

1/2 1/2 0 0 0
1/4 3/4 0 0 0
p=| 0 0 3/52/5 0
0 1/6 5/6 0 0
1/4 0 1/4 0 1/2
1/5 4/5 0 0 0
2/3 1/3 0 0 0
Q=0 o 1/2 12 o
0 1/6 5/6 0 0
1/8 0 1/2 0 3/8

Define a new matrix R = (r;;) by

4j=0,1,2,34.

rij ="
The «-divergence rate between X and X canbe computed [17], [18].

Hence, the convex lower bound for D..(E|X||X) can be easily derived
as shown in Fig. 5 for the values

B=-5-3-2-1,-2/3,-1/2,-2/5,—1/6

1 .
-3

(proceeding from left to right), where o« =
V. HYPOTHESIS TESTING CORRECT EXPONENT AND
PROBLEM FORMULATION

In [6], Csiszér investigated the hypothesis testing problem between
i.i.d. observations by considering the /3-cutoff rate for the exponent of
the best correct probability of type 1 with exponential constraint on
the probability of type 2 error. More formally, he used the following
definitions.

Definition 4 [6]: Fix E > 0. Arate r is called F-achievable if there
exists a sequence of acceptance regions A, such that

lim inf — l logA, > FE
n

n— 00

. 1 ,
lim sup ——log(l — py,) < v and
n

n— oo

where 11, and A, are type 1 and type 2 error probabilities, respectively.
The infimum of all E-unachievable rates is defined as

D:(E|X||X) £ inf{r > 0: r is E-unachievable}
and D} (E|X||X) = o if the above set is empty.
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For 0 < r < D!(E|X||X), every acceptable region A, with

lim inf — l logA, > FE

n—o0 T
satisfies ji, > 1 — e™ ™" for n infinitely often.

Definition 5 [6]: Fix 3 > 0. Ry > 0 is a reverse F-achievable rate
for the general hypothesis testing problem if

DI(E|X||X) > 3(E - Ro)

for every E' > 0. The reverse 3-cutoff rate is defined as the infimum
of all reverse 3-achievable rates, and is denoted by RS (3| X || X).

However, in [14, Sec. 7], Nagaoka and Hayashi investigated (using
Han’s definitions [8]) the general hypothesis testing problem between
arbitrary sources with memory by considering the exponent of the best
correct probability of type 2 with exponential constraint on the proba-
bility of type 1 error. More formally, they used the following definition.

Definition 6 [8], [14]: Fixr > 0. Arate F is called r-unachievable
if there exists a sequence of acceptance regions .4,, such that

lim inf 1 log i, > r and limsup 1 log(1—X,,) < E.

n—oo N n—oo M

The infimum of all 7-unachievable rates is denoted by B (r| X || X)
B:(r|X||X) £ inf{E > 0 : E is r-unachievable}
and B! (7| X||X) = oc if the above set is empty.

Preposition 2 [14, Theorem 14, eq. (56)]: Fixr > 0.For the general
hypothesis testing problem, we have that

B!(r|IX|X)=r+inf{RER: 5(R) < r}
where

7(R) £ lim sup

n—o0

—llog Pgnix" € X7 llog L(T) <R;-R.
n n P (™)

Remark 1: Note that Csiszar’s and Nagaoka/Hayashi’s definitions
seem different at first glance. In our investigation, we realized that
in order to establish our results on the reverse 3-cutoff rate for gen-
eral sources with memory, a formula for the reliability function of the
type 1 probability of correct decoding (or type 1 correct exponent)
D:(E|X||X) is needed. However, in [14], Nagaoka and Hayashi pro-
vided a formula for the reliability function of the type 2 probability
of correct decoding B (+|X|)X). This turned out to be an obstacle,
since we were not able to derive the reverse §-cutoff rate formula by
directly using the formula for B; (| X||X). To overcome this obstacle,
we observed that if we interchange the roles of the null and alterna-
tive hypotheses distributions (i.e., X < X), and also r with E (i.e.,
r « E)in Nagaoka/Hayashi’s definition (Definition 6), then a formula
for D} (E|X||X) can be readily obtained from Nagaoka and Hayashi’s
result. More specifically, we have the following.

Definition 7: Fix E > (). A rate r is called E-unachievable if there
exists a sequence of acceptance regions A;, = Aj, (complement of
A..) such that

lim inf _1 logA, > F and limsup _1 log(1— pn) <7
n n

where
A =Pr{X" g A} =Pr{X" € A,}
and p, =Pr{X" € .A,',l} =Pr{X" ¢ A,}.
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The infimum of all E-unachievable rates is given by
B;(E|X|X) = inf{r > 0 : 7 is E-unachievable}
and B! (F|X||X) = oo if the above set is empty.
With Definition 7, Proposition 2 becomes as follows.
Proposition 3: For any E > 0
B (E|X||X)=E+inf{Re€R:p(R) < E}
where

p(R) 2 lim sup

n— 0o

1 1, Pgo(z"
——log Pxn{a" € X" : —log w <R} -R.
n n Pxn(z™)

Remark 2: We can now clearly observe that Definitions 7 and 4 are
identical. This indicates that Nagaoka and Hayashi’s B} (F|X || X) is,
in fact, Csiszar’s D} (E|X||X). Hence, using Definition 4, Proposi-
tion 3 should be as follows.

Proposition 4: For any E > 0
DI E|X||X)=E+inf{RER: p(R) < E}
where

p(R) 2 lim sup

n—oo

—llogpxn A=l l1ogM <R} —-R.
n n Pxn(z™)

The above proposition is a key ingredient for our main results in
Section VI.

VI. REVERSE (3-CUTOFF RATE FOR ARBITRARY SOURCES
In the degenerate case where D (E|X||X) = 0, we have
that RS (31X||X) = oc. Similarly, if D:(EJXH)_() = oo, then
R{7(31X||X)=0. A graphical illustration of R\ (3|X||X) is given
in Fig. 6. We first show the following lemma, which will provide us
the key mechanism to establish our reverse /3-cutoff rate result.

Lemma 2: Fix t < (). The following two conditions are equivalent:

(VRER) p(R)>—R(1—1t)+tRy (16)

and

(VE>0) D (E|X|X)> é(E “Ro). (7

Proof:
a) Equation (16) = (17).
DIEX|X)=E+inf{RER: p(R) < E}
>E+inf{RER: —R(1—t)+tRy < E}

t
—m(E—Ro)

where the inequality follows from (16).
b) Equation (17) = (16).
t
inf{ReER:p(R)< E} > ﬁ(E —Ry)—FE
1 t
=7-1 1E -7-1 1Ro.
Thus,
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D;(E|X | X)

% (- B (51x)1X))

R (81X X) E

Fig. 6. A graphical illustration of the reverse 3-cutoff rate R (81X X) for
testing between two arbitrary sources X and X.

since by [14, Remark 15], p(-) is strictly decreasing. Letting

1 t
L B
L P

or
E=—-R(1-t)+tRo
the above inequality can be rewritten as
p(R) > —R(1 —t)+tRy
where R € R. O

We next employ Lemma 2 to show our main result regarding the
reverse J-cutoff rate.

Theorem 2 (Reverse 3-Cutoff Rate Formula): The following hold
for the general hypothesis testing problem.

r Y : s 1 TR vl
1) RIV(BIX|X) < 11mn}fED1/(1,ﬂ)(X X
for0 < 3 < 1.
2) If p(R) admits a limit
r v . . 1 n v
RS (AIXNIX) 2 liminf =Dy (X" 1K),
for 0 < 8 < Bmax

where
1 7 v
Brnax 2 sup {'y € (0,1) : liminf ;Dl/(l,V)(X"H)& ) < oo} .

Note that from the above two inequalities, we directly obtain that for
0 < 8 < Bmax

r v . 3 1 | T
R (BIX)1X) = liminf =Dy 1 (X[ X7)

if p(R) admits a limit.
Proof 4 :
1) Forward part:

R (BIX||1X) < liminf(1/n)Dyjq_p (X" ||X")

“4For the proof of the continuous alphabet case, the same remark given in
Observation 2 of Section III applies.
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for 0 < # < 1. By the equivalence of conditions (16) and (17), it
suffices to show that

(VR ER)p(R) > —R(1 —t) + t-liminf %Dl_t(X"DZ'”)

fort = —p/(1—-75) < 0.
Consider the twisted distribution defined as
[Pxn (J,n )]t[PXn (‘Ln )]1715
> [Pxn@)][Pxn(@)]' "

Fnexm

exp {tlog

POl ") 2

Pxn(2™)
Pxn(z")

+ D (X" X" )} Pxn(x").
(18)
Then for ¢ < 0, we get the equation at the bottom of the page. So
p(R) = lim sup -= log Pxn

n ]. P\n(’bn)
e X" _1 XA
{ %8 Pen(zm)

>R+t liminf ~D,_,(X"|X") - R
n—oo N

< R} R
= — R(1—t)+1-liminf %Dl_i(X"HX‘"). (19)
2) Converse part:
R (XX > timind 1Dy (X7 X7)
for 0 < 8 < fBmax. By the equivalence of (16) and (17), it suffices to

show the existence of R; for any 6 > 0 Such that

n—oo

p(R1) < —=Ri(1—-t)+t <111111nf D (XX - 6> (20)

where t = —3/(1 — 3) < 0. Define
((R)£p(R)+ R
zlimsup—llogPXn{r e x" 11
n

n—o0

Pgn(2™) }
—= " < Ryp.
*Po(e) =
Then (20) is equivalent to

C(R) =p(R) + Ry

<tR, +t<hmmf D (XTXN) = 6).
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Now, define
A 2sup{ReR:("(R) >0}
where

Pya(a")
Pxn(r” SR}

is the twisted large deviation spectrum of the normalized log-likelihood
ratio with parameter ¢. It can be shown that A satisfies —co < A < 0
(cf. Lemmas 6 and 7 in Appendix B).

By ¢V (XA = 6/2) > & for some = > 0, we know that

vap) e

for infinitely many 7. Furthermore, ¢ (A +6/2) = 0 implies that for
any 0 < £ < ¢

(,([)(R) =limsup —— log P)(gl { e X ll og ———~=

n—oo

Pyn (2" )

( 1
P(t21 s X;n LT 1
A PX n (l" )

1 P n({['n) —n@
P(‘l{{ €T —log 5 s S A+ 2} 3
X E%P\ (z7) / 21
for all sufficiently large n. Therefore,
: 1 Psn(2™) :
PO " e X" A —6/2< —log 2L <A +6/2
xn (T € /2< o8 Pxn(am) = + 6/
Z 6—77?: e—na
for infinitely many n, or equivalently
_—logP)(gl{x"E X" A=b/2< L “log PX”E ;S/\+6/2}
S__log[€—715_6—77,€]
n

for infinitely many n, which (by the fact that a,, < b, for infinitely
many n implies that lim inf, . @, < limsup, b, for any two
sequences {a, } and {b, }) immediately gives the second equation at
the bottom of the page. As £ can be made arbitrarily small, we obtain
(22) at the bottom of the following page. Then, by letting R 2 \+6 /2,
we obtain the second equation at the bottom of the following page.
Consequently, we get the third equation at the bottom of the following
page, where the second equality holds since p(R) admits a limit, and

n— o0 the last equality follows from (22). O
. n, 1l Pxa(a") n
Pxn<x X '—l <R;= Pxn(x
¥ {T € E Prnar) = 2 e
{ enexn: Llog }}zzng ;SH}
Pxn(2™) " ¢
- 3y exp{—tlog Pf\{n(w —tDy (X" |IX" )} PO

Pgn (=)
ym, 1 Xn
{r”e)‘”.;l“gﬁ_ }

<exp {—tnR —tDi_(X"|IX")} P (2™

>

{ smexm: Llog —YET;SR}

< exp {—t'nR — tDl_t(X"PZ'")} .

n—o0

liminf —— 100 P)(f?z {:Ln X"

-8/2< = lob P\"Ebni <

n—oo

A+ 6/2} < hmsup——log [ nE 67"5] =z
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Observation:

1) Unlike Theorem 1, where the forward cutoff rate formula holds
in full generality, the reverse cutoff rate expression of Theorem 2 re-
quires one assumption that p( R) admits a limit. This assumption is not
too stringent; for example, it holds for the class of sources with memory
that satisfy the Gértner—Ellis theorem [3, p. 15]. However, it is impor-
tant to point out that if this assumption does not hold, the reverse cutoff
rate expression formula is not valid in general (see Example 7 in the fol-
lowing text).

2) Remark also that if Smax < 3 < 1, it is possible that Part 2 of
Theorem 2 may no longer hold (cf. Example 8 below). However, it can
be directly verified that for sources (with general alphabet) satisfying
the Girtner-Ellis theorem, 3max = 1, and hence Part 2 of Theorem 2 is
always valid. Evidently, this is also the case for finite-alphabet sources.

3) The above two observations directly imply that for finite-alphabet
i.i.d. sources, Theorem 2 reduces to Csiszar’s result [6]; i.e., the reverse
3-cutoff rate is given by the Rényi divergence with parameter 1/(1—3)
forall0 < 3 < 1.

4) Finally, it directly follows from the definition of R\ (3| X || X)
and Part 1 of Theorem 2 (which holds without any assumption), that
a convex lower bound for the reliability function D} (E|X || X) can be
established in terms of the liminf Rényi divergence rate, as noted in
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Observation 4 of Section III (with the exception that the supremum is
over 0 < 8 < 1). Hence, for any sources with memory whose lim inf
Rényi divergence rate is explicitly known (e.g., for general time-in-
variant finite-alphabet Markov sources [17], [18]), a computable lower
bound to D} (E|X||X) can be determined.

VII. EXAMPLES FOR THE REVERSE /3-CUTOFF RATE

In this section,we provide four examples to illustrate and facilitate
the understanding of Theorem 2. In Example 5, we present a case
(involving discrete alphabet sources) where p(R) admits a limit and
R((f) (6)X||X) is equal to the Rényi divergence rate. In Example 6, we
illustrate the situation (involving continuous alphabet sources) where
the limit of p(R) does not exist while

R (51X||X) = liminf(1/n) D11 (X" X7).
In Example 7, we construct an example where p(R) does not admit a
limit and

R (BIX||X) # liminf(1/n) Dy (X" X7).

This example shows that without the assumption on the existence of the
limit of p(R), Theorem 2 may not hold in general (particularly Part 2

1 1 Psn(x
liminf — = log P\, {T" EA™:A=6/2< —log Pynla®) <A+ (s/z} (22)
n—oo N n 'y (™)
1 Pxn (2" : 1 Psn
Pyn {a" € X"t ~log xn(r”) g > Pxnda" € X"t A—68/2< —log X (l D < g8
P\n(l/”) n n)
= Z PXW (il) )
{117,6,3671:/\—6/2<%log iizgjsig,\ﬁ-s/z}
— Z o—tP1- t(\"uxn) —tlog & PA n)P(t)( ™)
{Inexn:)\76/2<%log %</\+é/2}
> o tD1m (XX~ tn(A-8/2) Z P)((Ql (&™)
{ zn X A=6/2< L log P)\”E §<>\+</2}
e~ 1D1 (XX =i (R1=8) pl1) { AT iA—6/2<t log P\nEJT 3 < /\_1_5/2}
xrn

(R1) = 2 lim sup —— low Pyn

n—oo

= liminf — l log Pxn
n

n—oo

< lim inf

n—oo

~Liog PO {x X" :A—6/2< Llog
n n

{xn ex": llog
n

{;t" ex": l10<T
n

<t D (X" X™) +t(Ry — 6)

Py (™) }
S <R
Pxn(l‘") =
Psn (™)
° Pxn(l’n) < Rl}

p‘”(l % >\+6/2}>

< limsupt lDl AXTIIX™) (R - 6)

n— 00

n—oo

+hmmf—llogp§;l{r €X":X—6/2< ~log

1.,  Pgna(z™)

7]_))('1( ) < A—l—zﬁ/?}

—'/'hIIllIlf D1 (XXt Ry — 6t

n—o0
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D(E|X|X)
c+
B(E - B (81X X))
o RYBIX|X) c 2 E
Fig. 7. Reliability function of the type 1 probability of correct decoding for testing between the two sources Pxn (-) and Pxn (-) as given in Example 5.

of the theorem). In all these examples, the results hold for all values of
B (i.e., Bmax = 1). In the last example (Example 8), we depict a case
where Jimax < 1. In all examples, we employ the natural logarithm.

Example 5: Let Pxn(an) = 1 — e 2" and Py (b,) = e 27,
where ax, 7é b, and An, b, € X™. Also, let Pxn ((l,,,,) =1—e " and
Pxn(bn) = e ", where 0 < ¢ < 2. Then, the log-likelihood ratio
Z, is given by

Pya(X")
Zn = log 2
g PX n (AX n)
_ { log 1=¢="" with probability (in Py~)1 — ¢~
—(2 — ¢)n,  with probability (in Px»)e™ "

which implies that

C((R) 2 p(R)+ R = lim —%logpxn {%Z” < R}

0, forR>0
={ec for—(2—c)<R<O0

oo, forR < —(2—c).

Let us first compute the cv-divergence rate between X ™ and X", where
o« > 1. The normalized n-dimensional a-divergence is given by

_
n{a —1)
% log [(1 _ 67071)01(1 _ 67271)17G + efcnaeon(lfc\):I .

1 Ny
n

We have the following three cases.

1) ca +2 —2a > 0. Note that ¢e~°" and e 2" approach 0 as
n — 0o and that e~ e~ 2 (1= — g=n(cat2=20) "y hich also
approaches 0 as n — oo. Hence, the a-divergence rate is equal
to 0 since the argument of the logarithm — 1 as n — co.

2) co + 2 — 2a < 0. In this case, since e ™" (F*T272%) _, 5 4
n — oc, the argument of the logarithm, for large n, is dominated
by ¢ (02729 Hepce,

n{ca + 2 — 2a)

lim lD(,\‘('XnHX") = lim

n—oo N n—oo 7‘1,((1' —_ 1)
_ca+2 -2
- 11—« )

3) ca+ 2 — 2« = 0. Clearly, the «-divergence rate is equal to 0 in
this case.

We next determine D} (E|X||X) using Proposition 4.

DIEX|X)=E+inf{RER:((R)—R<E}

E. forO0< E<e¢
=< e, forc< E <2
E—24¢, for2<FE.

Now, the reverse 3-cutoff rate is the E-axis intercept of the line of
slope 3 passing by the point (2, ¢) as illustrated in Fig. 7. A straight-
forward calculation yields

RO (31X||X) = —% +2.

For o = 1/(1 — j3), we get that

ca+ 2 — 2«

B (81X X) = ==

Since by definition, RS (3| X||X) > 0, we directly obtain that

T “ v . 1 n v ,
R{V(BIX|X) = lim —Dyyq_pn(X"|IX™),  for0< < 1.
n—oc N
Note that for this example, Fmax = 1 since the a-divergence rate is
always finite.

Example 6: Consider the hypothesis testing problem between two
i.i.d. (memoryless) Gaussian sources

X = {‘Xn}zo:1 and X = {1‘212}707,0:1

such that for » odd, X and X have distributions N'(—1,1) and N(1, 1),
respectively; for n even, X and X have distributions N(—2,1) and
N(2,1), respectively. Then

: dPx (z)
z(z) = 1L
(@) =log 5 )
—(z—1)2/2
_ log % = 2x, ifnisodd
- o~ (2—2)2/2 .
lo = 4w, ifniseven.

.
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Hence, under distribution Py, the log-likelihood ratios Z1, Z», ... are
i.i.d. with N(—2,4) for n odd, and with N (—8, 16) for n even. So, it
follows using the Girtner—Ellis theorem that

1 W m Pxnla")
—_ ; IOb PXn {I E "\, 1 PX”(rn) R}
:—llogP {Z1+Zz+ ]
n n
if  is odd

232
s { U{%l{R < _2}7

%1{3 < —8}, ifniseven

where 1{-} denotes the indicator function. We then obtain that

p(R) = limsup — — log Pxn

n 1 PXn(I”)
X" —log < —
{ € n log Pxn(xn) — R R
2
— W%Q)]_{R < _2} —

Given the above p(R) (note that the limit of p( R) does not exist), we
can determine the correct exponent D ( E|X || X) using Proposition 4
as follows:

DI(EIX|IX)

=E+inf{ReR: p(R) < E} = (VE — V2)*1{

Solving for the E-axis intercept of the support line to D (E|X|| X) of
slope 3 yields the reverse 3-cutoft rate

E > 2}.

O BIX(X) = 2
B GIXIX) = 7.
Finally, a simple calculation gives that

2
1-p5

1
lim inf _Dl/(l HXTNX") =
which is finite for 0 < 3 < Smax = 1 (note that lim sup Rényi d_iver-
gence rate equals 8/(1 — 3)). Hence, we obtain that R(()r) (B1X]|1X) is
equal to the lim inf Rényi divergence rate for all 0 < 3 < 1.

Example 7: Consider the hypothesis testing problem between sour-
ces X = {X;}2, and X = {X,}2,, where for odd 2, X and X are,
respectively, unit-variance memoryless Gaussian with means —v and
v, and for even n, X and X have respective distributions Pxn (2§ ) =
e 0" Pxn () =1-— e " and Pxn(af) = e 2%, Py (a}) =
1 —e™ 2" where 2§ # 2. Then for odd n

(JPXW(T ) QVEn:

(") = B x;
) dP\n m n “ 1 !
1=
and for even n
Z ony 1 P\n xr )
n(z") == -
n PXn (I )
—20m .
%log g = =0, if 2" = xg
R N T —0 .
Slog T = log(L+e77), ifa” =af.

Hence, under distribution Px, the normalized log-likelihood ratio
Z,(X™) is normal distributed with mean —2v* and variance 4v°/n
for odd n; for even n

Pr[

Pr [Zn(X") = Liog (1 4 e—"”)] =1-¢"m.
n

Zn(X")=—f=¢""" and
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In addition, under distribution Py, the normalized log-likelihood ratio
Z,(X™) is normal distributed with mean 2»? and variance 42 /n for
odd n; for even n

Pr [Zn (Xn) — _9] — e 20n 404
Pr|Z.(X") = %log (1 + C—Hn)] — 2

Direct Derivation of the Correct Exponent: It is known from the
Neyman—Pearson lemma [16] that the log-likelihood test is optimal.
Hence, the type 1 and type 2 error probabilities (y,, and A,,) can be
written as

pn = Pr[Z,(X") > Rp]+ (1 — wp) Pr[Z,(X") = R,]

and

An = PI[Zn (Xn) < Rn] + wy Pl'[Zn ()Zn) = Rn]

where w,, € [0,1] is some randomization factor, and R,, is the log-
likelihood ratio threshold.
Now the requirement in Definition 4 for

liminf —(1/n)log A, = E >0
can be met for
R, =20"—-2vV2F and w, =0

if n is odd, and for

R, = Llog(l+e*)andw, =e ", if0<E <26
R, = Llog(l+e*)andw, <e ", if E =26
Rn = _9 and Wn = 67(1: 29)“ if £ 2 26

if n is even. Thus, if we take § = 181/ and apply the Girtner—Ellis
theorem, we get the following (type 1) correct exponent
DI(E|X|IX)
1
= limsup ——log(1 — piy,)
n

n—oo

= lim qup—llmi Pr[Z,(X"™) < Ry]

n—oo

+ Wn Pr[Zn (}(“) = ”])

:maX{(\/E— V2v)?  1{E > 2/°},F-1{0 < E < 6}

+€~1{(9<E§29}+(E—9)-1{E>20}}

E, if0< B <182
) 1802, if 182 < E < 3207
) (WE - V2v)?, if3207 < E < 5007
E — 1842, for £ > 5002

The Correct Exponent using Nagaoka and Hayashi’s Formula:
We next verify our above direct derivation of the correct exponent
D} (E|X||X) by applying Nagaoka and Hayashi’s formula in Propo-
sition 4

1 Pxn(z"

¢(R) = limsup ——log Pxn {l € X" : —log % < R}

n x

n—oo

= hmsup—llog Pr[Z.(X") < R]

n—oo

¢ 2\2

.2 “1{R < -21°},
B

9.1{_9§R30}+x-1{R<—9}>

0, for R >0
_Je. for—20"-20V/20<R<0
) B0 for—6 < R< —20% — 20\/26
o, for R < —46.
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Setting § = 1807, the following expression for p( R) is obtained:

p(R) £((R) -
—R, for R >0
_ ) 18*—R, for-14v> <R<0
T) B for 1802 < R < —1402
oo, for R < —18v°.

Hence, by Proposition 4

DIE|X|X)=F+inf{R€R:{(R)—R< FE}
E, for0 < E < 182
) 1807, for 180 < E < 3202
) WE - V2v)%, for32s% < E < 5002
E — 1812, for E > 5002
and indeed our direct derivation coincides with Nagaoka and Hayashi’s
expression.

Exammanon of the Reverse Cutoff Rate: By Lemma 2, the 3-reverse
cutoff rate R0 ( 31X )1 X) is the smallest Ry satisfying ((R) = p(R)+
R > t(R+ Ro),wheret = 3/(3 — 1) for0 < 8 < 1. We thus get
that
0, for—2 <t<0
#-QVZ, for—3§t<—%
(1—t)-2%, for—4<t< -3
LS 2%, fort < —4.

We next compute the lim inf(1 — ¢)-divergence rate (where 3 = ¢/
(t — 1)) to compare it with B\ (3] X || X)

R (BIX|1X) =

1 o
ZDif(X"IE)
n
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Note from this example, where p(R) does not admit a limit, that
r =7 . . 1 T v
RS (31X X) < liminf ~Di—(X7|XT)

fort < 0O (i.e., Part 1 of Theorem 2 is valid), while Part 2 of Theorem 2
does not hold (e.g., for t = —8, R(’)(/3|X||X) 14 while
lim inf, o ;let( ”||X”) = 15.750%). Hence, if the limit of
p(R) does not exist

R (3X||X) # liminf %m (X IET

in general.

Example 8: In this example,we illustrate the situation where
Brmax = 1/2 < 1 and show that if Smax < 8 < 1, Part 2 of Theorem 2
may not hold.

Consider the hypothesis testing problem between two sources X =
{X.3%, and X = {X,;}%,. Both X and X have a point mass on ",
and have a density over the hyper-line a- " = (a-:Zw LA B, ..., A dy)
fora > 0,where " ¢ {a" €R" : 2" = a - &' forsomea >0} and

" # 0 is fixed. The densities for X and X over {«" € R" : " =

a - &" for some a > 0} are described by
pPxn (a . i") — Bne—(u,-i,-])gn
and
pynla-a™) = 20ne 2o ton

o and Pgn (") =

respectively. Furthermore, Px»(#") = 1 — e~
1 — 729" Then under distribution Py

~n c —2(a+1)0n
1 AP (o Can . ey L p\n(,, &) 1, 2fne
== log </ ot o8ldPgn /AP M g Py )> Zn(a-") =~ 08 n(a-am) 0 08 Gne—tatnon
HEYH
1
:——loﬁE [ nt L (X" )] = ;10{;(2) —(a+1)p
2(1 — 1)’ for n odd with density #ne™ """ - 1{a > 0}
- { - L log (e_(“"l)e"+(1+e_9”)t(1 —6_9")) , forneven. and
: . 1, Pxgn(@™) 1—e20m
Since Z (&™) = 1 Lxn ) _ 167
) »(&) Pyn(in) n 81=
: T oo —(t+1)0n —0n 70n
rLll—I};o nt log ( (L4 ) = l log(1 4 ¢~"") with prob. 1 — e™""
=4 tr1 ! 1{¢t 1 "
- {t<-1} Then by the Gértner—Ellis theorem, we get the expression at the bottom
. . _ 2 of the page. Note that the limit of p(R) (or ¢ (R)) does exit. A direct
we obtain (th 6 = 18,7 that application of Lemma 2 yields that R{(31X|1X)=0 for —1<t<0,
lim 1nf D1 (XX and that B\ (3| X||X) = oo fort < —1 (where t = 3/(3 — 1)). We
n—oo next compute the lim inf(1 — ¢)-divergence rate, where 8 = ¢/(t — 1)
. 2 t+1
_1n1n{2(1—1‘)y - S 1807 - 1{t < —1}} %Dl_i(X"HX—")
" fort 2 —1 | 1 tog[dPg n (27)/dPxn (7))
) I8’ for—44 VT <t < -1 =—Elog</n Lo WA APy ( ))
TY A —t)- 2% for—4—VT<t< 4+ /T 1 o
41 2 = = — log F |e"t4n(X™)
- 18v N for ¢ < —4 - '\/7. nt =] .
¢(R) = lim sup 1 log Pxn 2" € X" : log Py (@”) <R
n—o00 n Pxn (,[n)

lim sup _1 logPr[Z,(X") < R]
n

n—oo

0,
=44,

limsup, .

1 | o0
— 5 log .flog(Z)/(nH)fl-l/()fl

R>0
for—0 < R0
One D da, for R < —6

=60-1{-9§ < R<0}—R-1{R < —6}.
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[
|
\
~
o
=}

1. [/’O t((1/n) Tog(2) ~ (at+1)0)
g ,
JO

. 971’6—(51-&-1)9" da’ + (1 + 6—971)1(1 _ 6—9n)}

——log
nt °

|:6,"2t6(t+1)0n /°° ot on g
J0

+ (14— e—"")]
—0-1{-1<t<0}4+o00-1{t < -1}
Therefore,
B GIXIX) < liminf =Dy (X" 57)

forallt < 0 (i.e., 0 < 8 < 1) and Part 1 of Theorem 2 is satisfied.
However,

R > liminf 2Dy _ (X" X)
n—oo 1

only for —1 < # < 0; in other words, Part 2 of Theorem 2 is only valid
for 0 < 8 < Bmax = 1/2. Notably, fort = —1

0= Ry (81X|IX) < lim inf %Dl,t(X“HX'”) =

VIII. CONCLUSION

We examined the forward and reverse 3-cutoff rates for the hy-
pothesis testing problem between arbitrary sources with memory (not
necessarily Markovian, ergodic, stationary, etc.) and arbitrary alphabet
(countable or continuous). We showed that the forward ;3 cutoff rate
is given by the lim inf Rényi a-divergence rate, where o = = d and
3 < 0. We also demonstrated that if the large-deviation spectrum
p(R) admits a limit, then the reverse 3-cutoff rate is given by the
lim sup «-divergence rate, where o« = li—ﬁ and 0 < 3 < fBmax. For
Bmax < # < 1, we provided an upper bound on the reverse J-cutoff
rate. As expected, for finite-alphabets i.i.d. sources, our theorems
reduce to Csiszar’s result [6]. Our forward and reverse J-cutoff rates
results and the methods used to derive them were illustrated via
several examples. An interesting consequence of this work is that
while the formula of the type 1 error (respectively, correct) exponent
is not explicitly known for general sources with memory, our forward
(respectively, reverse) [-cutoff rate result, expressed in terms of
the lim inf Rényi divergence rate, can be used to provide a useful
convex lower bound (which is computable in principle) to the error
(respectively, correct) exponent.

Future work may include the study of Csiszar’s channel coding
(3-cutoff rates [6] for arbitrary discrete channels with memory using
our information spectrum techniques.

APPENDIX A
PROPERTIES OF T AND ¢ (R)

Lemma 3: For() < t <1

2 sup{R: n(r) > 0} < liminf llet(X"Han).
n—oc N

Proof: Foranyv > 0

P {»r" € Prcn (@)

1
A"~ lo

gP\n(b )
< P{), {¢ ex”-fl og

Sliminf 2Dy (X" ||X")+2y}

n—oo 1
Pxn T )

Poo o) > DX ”’f"””}

for n € N sufficiently large
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where  is defined in (9). But
P)((fl, {'rne.;‘t’n'll PXH(T' )> D1 t(YWHYH)‘i‘V}
PX'II( )
( n n 1 P ”(7" ) n|vn
:P)(fv)?, {QL' E‘X : _ﬁ <10b Piﬂ( ),l)+D1*t(‘XV ”‘X ) >v
t Py (™)
:P(t27, /'n ‘X,TL : - 1 X D Xil Xn - f
O e exns L (log D, e ) < -
=pY cxm i P§jl(x")< t
—Ixn s : n og Pxn (,T,'”) vi

:]3(\?1 {In € xn :P}((t'?z (JJ") < e—m/tpxn (I”)}
ST P {”tn S P)(;v)l (z")<e ™' Pyn (Jn)}

0—77,1/1‘, (23)

IN

where (23) follows from (8). Thus, for n € A sufficiently large

1 Pxn 1
P, {m"E{v‘{"'fl Do () i ~Dis X"||X")—|—2u}
PXn(w ) n—oo
2 1 _ 6—77,1/1‘,
which implies
(t) . . 1 F | T G
n liminf — Dy _(X"||X") 4 2v
n—oo M
1 ' w1 Pxn (")
= nélj{ngriioc —7—1 gP}((?I { e XM —log Pl
1
< lim inf 7D1 AXTIX™) + 21/}
< limsup —— log ( 7"”) =0.
neN ,n—oo
Consequently
, 1 —
sup {R 77([)(3) > O} < lim inf ;Dl_i(X"H)& ")+ 2v.

The proof is completed by noting that  can be made arbitrarily small.
O
LD (XM X™) < K,

n

Lemma4: For0 <t < 1,ifliminf,
then

7 £ sup{R: r/(t)(R) >0} > —oo.

Proof: By (8), we get that

X”( z™)

=) Py (™).

tf_)1 f()(nH\n) (1— t)logp

P (e") =
Hence,

1. Pxn(a")
P { €X": lo
X gPXn(r”)
< D1 (XTIX™) (=00 R

X PXn {*/l'n S A" 1 10‘T P*Xn(” ; S R}

o
Py (2"
tD Xrxm 1—t)nR
< P (XTIX™) Jn

I /\
H/—’

which implies that

1 _
n(R) > —t limsup —D; (X"[|X") - (1—t)R.
neN ,n—oo 1
Therefore,

Dl t( —VLHJZ-VL)'

t
7> ——— limsup
1-— nE/\ n—oo N
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This shows that 7 = —oco implies that

1 _
—Di_+(X"|X™) =
D1l [1X™)

lim

lim sup pem

neEN n—oo

1 n v
~Di (XX

= lim inf -
n—oo
=00
contradicting the assumption that

liminf(1/n)Dy— (X" IX™) < K.

n—oo

Lemma 5: We have the following:
sup{R€R: ¢ (R) >0} > 0.
Proof: Foranyv > 0
1 PO
P L™ e xm 10 X ) o,
X & Pen (zn) =
— P)((tl xn € /X;n . -Z—))((t?I (;En) S €7TWP)( n (l'n)}

IA

e "V Pxn {,77” cx": P)(;L(,r”) < cfm'PXn(,r”)}

< e—‘ILl/

which implies o (—v) > v. Hence, the lemma holds.

APPENDIX B
PROPERTIES OF A

Lemma 6: Fort < 0, A < 0.
Proof: Observe that for R > 0
( 1 Pszn(z™)
P, {r" € X" ~log s
X P\n(b )
6711R(17t)+t01,t(‘\ nIX™)

X Pj(n {.Tn

< e PRO=OFD_ (X ”HX")

> )

P§ n(l’n)
& P (am)

IN

eX”’- l

> )

S 6—nR(l—t)

1 _
7D o XTI Xn
D1l [1X™)
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A contradiction to the definition of #min is obtained,

since by

Lyapounov’s inequality [2, eq. (5.37)], for 0 > o > ~

exp{—aDi_o(X"[|X")}

Il
/-~
3
m
b
I/~
|
P PN
NG N
N~ ——
— =
! :
v
Pl
-
—
N~
=
|
2

IN
=

/N
el

| > ]
T =

— exp {—yDi—, (X"|[X™)}

or equivalently

o] D1~ (X" X) < WID1— (XT(IX)

and hence by definition of fmin

lim inf — D]—(f u)(Xn”Xn)

n—oo
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(1]

(2]
31
(4]
(3]

where the last inequality follows from the nonnegativity of

Dy (X
R>0

(,([)(R) < lim sup—— log ( —'lR(l—t)) -0

n—oo

which immediately implies that A < 0.

Lemma 7: For 0 >t> 7(;min é dmax/(ﬁjma‘( - 1), A > —

Proof: If A = —oc, then (‘' (R) = 0 for every R € R. Hence,

by choosing any v = (¢ — tmin)/2, we have

1 Py (™)
P(tv)1 Yn - 2 lo X <R
X "€ n g Pyo(an) =
< D1t (XX ™)~ (t=0) Dy (o (XX ) on R
v 1 Pxn(a")
% P(tn v) s Yn . _1 X <R
X PXﬂ(ln) —

< C—(f—q;)le(tfv)(X” HX”)-‘,—I,n R

which implies that

0=¢(m)
> hmbup {(7‘ — U) D1_(f (X" 1xX" )] —vR
=(t— v)hmlnf Dl (t—oy (X" | X™) — R

n— 00

This indicates that
1 = )
liminf =Dy __ (X" X") > —R,
n—oo M ) t—wv
or equivalently

hmlnf D1 (=) (X" 1X") =

7n— 00

"||X™) and the negativity of . This implies that for

forevery R € R
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