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摘 要

在這篇論文中，我們提出一個針對整合訊源-通道之不定長度錯誤更正前

置碼(variable-length error correcting prefix code or VLECPC)計算自由距離(free dis-

tance)的新演算法，主要的發想是將碼字串接的序列對，建成樹狀結構，並經由樹狀

結構找出最小漢米距離(Hamming distance)的等長序列對。我們運用不影響自由距離

計算之特定條件，去掉非必要的樹狀分支，加快演算法的進行。而針對只有兩組碼字

的VLECPC的特殊情況，我們證明在計算自由距離時，只需考慮特定個數的碼字串接

序列即可決定自由距離，而特定個數可由兩碼長獲知。我們使用針對英文字母設計

的VLECPC進行模擬，在位元距離(bitwise distance)的計算次數與執行時間上，我們的

演算法皆比應用狄可斯特演算法(Dijkstra’s algorithm)於成對距離圖(pairwise distance

graph or PDG)搜尋自由距離的方法，有更好的表現。
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Abstract

In this paper, a new tree search algorithm for determining the free distance of variable-

length error-correcting prefix code (VLECPC) is proposed. The idea is to structure all

pairs of codeword-concatenation sequences as a tree, over which a pair of sequences that

decide the free distance is located. Constraints that compromise no optimality in deter-

mining the free distance will be proven and applied to speed up the algorithm. In the

particular case that only two codewords exist in a VLECPC, we show that all candidate

equal-length codeword-concatenation sequence pairs that possibly decide the free distance

can be explicitly listed, by which this quantity can be is straightforwardly obtained. In

comparison with Dijkstra’s algorithm operating over the pairwise distance graph (PDG)

of the VLECPC for the 26 English alphabet, the number of bitwise distance computa-

tions required by our algorithm is considerably smaller and can be hundred times faster

in terms of execution time.
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Chapter 1

Introduction

It has been verified by many studies (e.g.,[7, 8, 9, 10]) that joint source-channel coding

(JSCC) can significantly outperform separate source-channel coding (SSCC), particularly

when the system has stringent sensitivity in time-delay and complexity restriction. In

the literature, JSCC is typically realized in two ways: (i) by coordinating the source

and channel coding functions in tandem, and (ii) by combining them within a single

step. We target the latter one. In other words, we focus on the so-called variable-length

error-correcting prefix codes (VLECPC).

In [2], VLECPCs were investigated thoroughly and were shown to have a certain num-

ber of properties similar to convolution codes. For example, VLECPCs have a memory

structure and can be represented as a trellis. It is then suited for a sequence maximum-

likelihood (ML) or maximm a posteriori (MAP) Viterbi-like decoder. One of the contri-

butions in [2] is the analytical establishment of the fact that the free distance as well as

distance spectrum of a VLECPC can be utilized to well predict its error performance;

hence, the VLECPC with a larger free distance should be expected to have a better

performance.

The finding in [2] motivated the development in [1], where the optimal VLECPC that

minimizes the average codeword length subject to a fixed free distance lower bound is

algorithmically constructed using the priority-first search algorithm. A trellis diagram for

all possible VLECPC designs was accordingly proposed, in which verification of the free

distance lower bound must be performed for every candidate VLECPC design.
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Alternatively, Diallo et al. [5] constructed the pairwise distance graph (PDG) of a

VLECPC, and adopted Dijkstra’s algorithm to determine its free distance when searching

for the optimal VLECPC that maximizes the free distance subject to a given set of

codeword lengths.

As it turns out, determination of the free distance of a VLECPC is a very essential

action for the algorithmic construction of an optimal or near-optimal VLECPC. If the

free distance of a VLECPC can be determined efficiently, the searching efficiency for the

optimal or near-optimal VLECPC can be correspondingly improved.

A new constrained tree search algorithm for determining the free distance of a VLECPC

is thus proposed in this thesis. For the special case, where only two codewords exist in a

VLECPC, we show that the computation of the free distance can be done by explicitly

listing all possible codeword-concatenation pairs that possibly decide the free distance.

Details will be given in subsequent chapters.
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Chapter 2

Background

The free distance dfree of a VLECPC has already been identified as a key parameter

for its error performance [2]. Particularly at high signal-to-noise ratios (SNRs), the larger

the free distance of a VLECPC is, the better its error resilience capability is. The deter-

mination of dfree for a given VLECPC is thus essential from both theoretical and practical

perspectives.

In the literature, strategies for searching for an optimal (or near-optimal) VLECPC

can be generally classified into two classes: i) to minimize the average codeword length

subject to a fixed free distance lower bound [1], and ii) to maximize the free distance

subject to a set of given codeowrd lengths [5]. It can be anticipated that both strategies

must constantly examine the free distances of candidate codebooks during their numerical

search processes. As an example, based on strategy i), the priority-first search adopted

in [1] must verify the validity of the free distance lower bound every time a new candi-

date VLECPC is established. Since it is the most time-consuming step, the provision of

an efficient algorithm to determine the free distance of a given VLECPC can therefore

considerably speed up the search process of an optimal VLECPC.

Before we present the proposed algorithm for determining dfree of a VLECPC C, its

definition is first given as follows [2]:

dfree(C) � min
N≥1

dfree(C|N),

where

dfree(C|N) � min {d(a, b) : a, b ∈ XN(C) and a �= b} ;
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XN(C) �
∞⋃

L=1

{
x1x2 · · ·xL : ∀xi ∈ C and

L∑
i=1

|xi| = N

}
;

d(a, b) is the Hamming distance between binary sequences a and b of equal length; and

|xi| denotes the length of sequence xi. Since VLECPC does not allow a null codeword,

of which the length is zero, XN(C) can be simplified to

XN(C) �
N⋃

L=1

{
x1x2 · · ·xL : ∀xi ∈ C and

L∑
i=1

|xi| = N

}
.

Based on the definition, the calculation of dfree(C) should examine the Hamming distances

between all equal-length sequence pairs a and b, and find the minimum one.

In the next two sessions, two existing approaches to determine dfree(C) will be intro-

duced. The one in Section 2.1 is introduced by [2] and later adopted by [1], and the other

briefed in Section 2.2 uses Dijkstra’s algorithm to compute the free distance [5] and is

seemingly more efficient than the algorithm in Section 2.1.

2.1 Trellis Search for dfree(C)

In [1], the authors applied the priority-first search to determine the free distance

dfree(C) over the trellis of C as exemplified in Figure 2.1(a). In this simple example, by

starting from node N0, all codeword concatenations of C = {0, 10, 111} can be exhausted

using the trellis structure. The trellis can be formed as follows. Since the first codeword

is of length 1, a green arrow is drawn between all adjacent nodes. Red arrows connect

all node pairs that are 2 distances away because the second codeword is of length 2. The

blue arrows connecting nodes that are 3 distances away are due to the third codeword of

length 3.

Notably, the number of codeword concatenations whose length is equal to � is usually

larger than the number of arrows entering node N�. As an example, in Figure 2.1(b),

there are actually four codeword concatenations of length 3, which are c3, c1c2, c2c1 and

c1c1c1, and yet there are only three arrows entering node N3. Among these four paths,
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there are six pairwise Hamming distances to be computed, which are


d(c3, c1c2) = d(111, 010) = 2

d(c3, c2c1) = d(111, 100) = 2

d(c3, c1c1c1) = d(111, 000) = 3

d(c1c2, c2c1) = d(010, 100) = 2

d(c1c2, c1c1c1) = d(010, 000) = 1

d(c2c1, c1c1c1) = d(100, 000) = 1

The last two Hamming distances, however, are from the two paths that have met or

merged at some previous node (as indicated by underlines). Thus, by

d(c1c2, c1c1c1) ≥ d(c1, c1) + d(c2, c1c1) = d(c2, c1c1)

d(c2c1, c1c1c1) ≥ d(c2, c1c1) + d(c1, c1)

we can ignore the last two Hamming distances for the determination of the free distance.

Consequently, only those pairs of paths that have never met or merged at some previous

node need to be considered.

2.2 Pairwise Distance Graph (PDG) Search for dfree(C)

In [5], the authors determined the free distance dfree(C) by applying Dijkstra’s algo-

rithm onto the so-called pairwise distance graph (PDG). By using the same example as

in Figure 2.1, a PDG can be generated as follows.

First, a binary-output finite-state encoder (FSE) is prepared, over which each directed

transition is labeled with an input source symbol in X = {a, b, c} and its corresponding

output codeword in C = {0, 10, 111} as shown in Figure 2.2.

Secondly, in order to facilitate the evaluation of dfree(C), each directed transition in

the FSE in Figure 2.2 is further sub-divided into a proper number of directed bit-clock

transitions, referred to as bit-transition for convenience, such that each bit-transition is

labeled with exactly one output bit. Intermediate nodes S1, S2 and S3 between bit-

transitions are thus added. This results in the bit-clock FSE, abbreviated as B-FSE, in

Figure 2.3.
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(a) Trellis representation for all concatenations of codewords of VLECPC

(b) Analysis of codeword concatenations ending at
node N3

Figure 2.1: Green-color, red-color and blue-color arrows correspond respectively to the
further concatenation of codeword c1, c2 and c3. Nodes with solid circle indicate two (or
more) concatenations converge, while nodes with dotted circle imply no merging occurs
at this node.

Figure 2.2: FSE associated with X = {a, b, c} and C = {0, 10, 111}.
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Figure 2.3: B-FSE corresponding to Figure 2.2

Let T and S be the set of all bit-transitions and the set of all states in the B-FSE,

respectively. Denote by σ(u) and τ(u) the originating state and the ending state of the

bit-transition u ∈ T . Then, a concatenation of codewords can be denoted by a path u =

(u1 ◦u2 ◦ · · ·◦uk) ∈ T k that satisfies σ(u1) = τ(uk) = S0. The Hamming distance between

two codeword concatenations a and b of equal length can thus be obtained from the

labelled output bits of their corresponding paths ua and ub. In fact, a = (a1, a2, . . . , ak)

gives exactly the sequence of output bits for path ua = (ua1 ◦ ua2 ◦ · · · ◦ uak), where uai

denotes the ith bit-transition with labelled output bit ai.

With the availability of the B-FSE, we are ready to construct the pairwise distance

graph (PDG). A PDG is a directed graph with directed product transition e = (um, un)

from product state Sσ(um),σ(un) to product state Sτ(um),τ(un), where Si,j denotes a product

state in S × S, and um and un are distinct bit-transitions in the B-FSE with labelled

output bits m and n, respectively. In order to reduce the number of product states,

the PDG merges product state Si,j with product state Sj,i, and hence a looped product

transition may appear. For example, in Figure 2.4, S0,1 and S1,0 are merged into one

product state S0,1 such that the bit-transition from S0 to S1 and that from S1 to S0 in

the B-FSE constitute a looped product transition from product state S0,1 to itself. In

addition, divide the product state S0,0 into two product states Sin and Sout, where Sin

contains only those product transitions leaving it, while Sout only has product transitions
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ending at it. Label the product transition e = (um, un) with m⊕n, where “⊕” denotes the

exclusive-OR operation. As a consequence, the Hamming distance between two codeword

concatenations a and b of equal length is exactly the Hamming weight of the labelled

output bit sequence of the corresponding trace from product state Sin to product state

Sout over the PDG.

Note that it is not possible to have two product transitions from product state Si,j to

product state Sk,� because every state in the B-FSE has only one bit-transition leaving it

except state S0. Therefore, the two bit-transitions um and un corresponding to the prod-

uct transition from Si,j and Sk,� can be unambiguously determined. In other words,

either (σ(um), τ(um), σ(un), τ(un)) = (Si, Sk, Sj , S�) or (σ(um), τ(um), σ(un), τ(un)) =

(Si, S�, Sj , Sk) is true but not both.

Figure 2.4: Pairwise distance graph (PDG) derived from the B-FSE in Figure 2.3

The authors in [5] found that calculating dfree(C) is the same as determining the

directed trace from Sin to Sout with the smallest Hamming weight. In this regard, it

is obviously of no help to visit a product transition more than once. They then apply

Dijkstra’s algorithm onto the PDG for the determination of dfree(C).
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Chapter 3

A Constrained Tree Search
Algorithm for Determining dfree(C)

In this chapter, a novel constrained tree (CT) search algorithm for determining the

free distance of an arbitrary variable-length error-correcting prefix code (VLECPC) C is

proposed. The idea is to structure all pairs of codeword-concatenation sequences as a tree,

over which a search of the pair that decides dfree(C) is conducted. In order to speed up the

tree search algorithm, a number of constraints based on converge and diverge distances

will be applied and will be proven to compromise no optimality in determining dfree(C).

In the special case that only two codewords exist in C, we can further reduce the

number of equal-length codeword-concatenation sequence pairs to be examined for deter-

mining dfree(C) down to

f � lcm(�1, �2)

�1
+

lcm(�1, �2)

�2
− 1,

where “lcm” stands for the least common multiple, and �1 and �2 are the lengths of the

two codewords.

For better readability, we will present the special case of the two-codeword VLECPC

first, followed by the presentation of the CT search algorithm for general VLECPC C.

3.1 Determination of dfree(C) for |C| = 2

When C consists of only two codewords c1 and c2, we found that the codeword-

concatenation sequence pairs aKi
and bKi

that possibly decide dfree(C) must be either of
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the form:

aKi
= c1c1 · · ·c1c1︸ ︷︷ ︸

mi of them

c2c2 · · · c2c2︸ ︷︷ ︸
ni of them

, bKi
= c2c2 · · · c2c2︸ ︷︷ ︸

ni of them

c1c1 · · · c1c1︸ ︷︷ ︸
mi of them

(3.1)

or of the form:

aKi
= c1c1 · · · c1c1︸ ︷︷ ︸

mi of them

, bKi
= c2c2 · · · c2c2︸ ︷︷ ︸

ni of them

(3.2)

for some positive integers ni and mi. This can significantly simplify the determination of

dfree(C). The finding is summarized in the next lemma.

Lemma 1. Consider a VLECPC C consisting of only two codewords c1 and c2, and let

�i be the length of codeword ci for i = 1, 2. Without loss of generality, we assume that

�1 ≤ �2. Then,

dfree(C) = min
1≤i≤f

d(aKi
, bKi

), (3.3)

where for 1 ≤ i < f � lcm(�1,�2)
�1

+ lcm(�1,�2)
�2

− 1, aKi
and bKi

are defined in (3.1) with mi

and ni obtained recursively through

m1 = n1 = 1, mi+1 = mi + 1{mi�1 < ni�2} and ni+1 = ni + 1{ni�2 < mi�1},

and when i = f , aKi
and bKi

follows (3.2) with

mf =
lcm[�1, �2]

�1
and nf =

lcm[�1, �2]

�2
.

Here, 1{·} denotes the set indicator function.

It can be easily verified that mi�1 �= ni�2 for 1 ≤ i < f . This fact will be used in the

proof of Lemma 1.

Before we give the proof of Lemma 1, an example for the two sequences aKi
and bKi

for 1 ≤ i ≤ f is provided, which can serve as a basis for understanding our proof.

Example 1. Suppose c1 = 000 and c2 = 10111. We obtain

f � lcm(�1, �2)

�1
+

lcm(�1, �2)

�2
− 1

=
lcm(3, 5)

3
+

lcm(3, 5)

5
− 1

= 7.

The sequences of (aKi
, bKi

) for 1 ≤ i ≤ f are listed in the table below.
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i (mi, ni) mi�1 + ni�2 aKi
and bKi

d(aKi
, bKi

)

1 (1, 1) 8
aK1 = 00010111
bK1 = 10111000 6

2 (2, 1) 11
aK2 = 00000010111
bK2 = 10111000000 8

3 (2, 2) 16
aK3 = 0000001011110111
bK3 = 1011110111000000 12

4 (3, 2) 19
aK4 = 0000000001011110111
bK4 = 1011110111000000000 14

5 (4, 2) 22
aK5 = 0000000000001011110111
bK5 = 1011110111000000000000 16

6 (4, 3) 27
aK6 = 000000000000101111011110111
bK6 = 101111011110111000000000000 20

7 (5, 3) 15
aK7 = 000000000000000
bK7 = 101111011110111 12

We then obtain based on Lemma 1 that

dfree(C) = min{6, 8, 12, 14, 16, 20, 12} = 6.

�

The above example seems to hint that aK1 and bK1 are the pair of equal-length se-

quences that decide dfree(C). This is, however, not always true, and it could happen that

d(aKi
, bKi

) < d(aK1, bK1) for some 1 < i ≤ f . Thus, we have to examine every d(aKi
, bKi

)

for 1 ≤ i ≤ f for the determination of dfree(C).

It can also be observed from the example that aKi
is a portion of aKi+1

, and bKi+1
can

be obtained by concatenating bKi
with a codeword. This is exactly what the idea behind

the proof is originated from. Specifically, for the determination of dfree(C), we begin with

d(aK1 , bK1); by examining all possible one-codeword extensions of aK1 and bK1, we argue

that only aK2 and bK2 can possibly yield a pairwise distance less than d(aK1, bK1). We

again examining all possible one-codeword extensions of aK2 and bK2, and confirm that

improvement in pairwise distance is only possible by considering the pair of aK3 and bK3.

Such an extension continues until aKf
and bKf

is examined, by which we show that no

further codeword-extension can improve the pairwise distance, and hence the proof of

(3.3) is completed.
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We are now ready to present the proof of Lemma 1.

Proof of Lemma 1: The proof is done in five steps.

Step 1. When �1 = �2, it is obvious that dfree(C) = d(c1, c2) because no other equal-

length sequence pairs can result in a smaller Hamming distance than d(c1, c2).

Thus, the lemma holds as f � lcm[�1,�2]
�1

+ lcm[�1,�2]
�2

−1 = 1, mf = nf = 1, aKf
= c1

and bKf
= c2. It remains to prove the lemma under �1 < �2.

Step 2. When �1 < �2, we have f > 1. We start from (m1, n1) = (1, 1), which results in

aK1 = c1c2 and bK1 = c2c1.

Apparently, these two sequences are the possible sequence pair with the minimum

Hamming distance in

X (C) �
⋃
N≥1

XN (C)

that are of equal length. We then classify all equal-length sequence pairs in X (C)

into six (possibly, overlapping) classes:1{
a(1) = c1c2x2· · · xic2
b(1) = c2y1 ·· · · · yjc1

{
a(1′)= c1c2x2· · · xic1
b(1

′)= c2y1 ·· · · · yjc2{
a(2) = c1x1· · · ·· xic2
b(2) = c2y1· · · yj−1c2c1

{
a(1′)= c1x1· · · xi−1c2c1
b(1

′)= c2y1· · · ·· yjc2{
a(3) = c1c1x2· · · ·· xi−1c2
b(3) = c2y1 ·· · · · yj−1c1c1

{
a(3′)= c1c1x2· · · xi c1c1
b(3

′)= c2y1 ·· · · · ·· yjc2

xi,yj ∈ {φ, C}

where we use blue-colored c1 and c2 to indicate the codeword to be constrained to

the original pair of sequences a = c1x1 · · ·xic2 and b = c2y1 · · ·yjc1 (similarly,

a = c1x1 · · ·xic1 and b = c2y1 · · ·yjc2).

1 There are perhaps many ways to enumerate equal-length sequence pairs that are of the form a =
c1x1 · · ·xic2 and b = c2y1 · · ·yjc1. The way we choose here is to constraint the one with a shorter

beginning portion. In other words, we add constraint c2 in a(1) = c1c2 · · · c2 and add constraint c1 in
a(3) = c1c1 · · · c2 because the length of the beginning portion of a = c1 · · · c2, i.e., |c1|, is smaller than
that of the beginning portion of b = c2 · · · c1, i.e., |c2|.
When extending constraints in the ending portion, the same rule is applied; thus, we add constraint

c2 in b(2) = c2 · · · c2c1 and add constraint c1 in b(3) = c2 · · · c1c1.
Since our target is to migrate from (aK1 , bK1) to (aK2 , bK2), which apparently belongs to the class of

a(3) and b(3), we choose to add a single c2 in both (a(1), b(1)) and (a(2), b(2)) such that when the two
classes are excluded, the migration from (aK1 , bK1) to (aK2 , bK2) is naturally obtained.
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It can be easily seen that the classes of (a(1), b(1)), (a(2), b(2)) and (a(3), b(3))

enumerate all the equal-length sequence pairs satisfying that one starts from c1

and ends at c2, and the other starts from c2 and terminates at c1.

Similarly, the classes of (a(1′), b(1
′)), (a(2′), b(2

′)) and (a(3′), b(3
′)) exhaust se-

quence pairs satisfying that each of the two sequences starts from and ends at

the same codeword, but the two sequences start respectively from different code-

words. Note that as far as dfree(C) is concerned, it needs not consider the pairs

of sequences that start from and end at the same codeword such as c1c2c1 and

c1c1c2.

By definitions of the above six classes, we can exclude four classes when

dfree(C) is concerned, because

d(a(1), b(1)) ≥ d(aK1 , bK1), d(a(1′), b(1
′)) ≥ d(aK1, bK1)

d(a(2), b(2)) ≥ d(aK1, bK1), d(a(2′), b(2
′)) ≥ d(aK1, bK1).

Thus, only two classes (a(3), b(3)) and (a(3′), b(3
′)) remain.

Step 3. Because f � lcm(�1,�2)
�1

+ lcm(�1,�2)
�2

− 1 = 2 at the situation of 2�1 = �2, we have

that aKf
= c1c1 and bKf

= c2. This leads to

dfree(C) = min{d(aK1, bK1), d(aK2, bK2)}

= min{d(c1c2, c2c1), d(c1c1, c2)}

because the pairwise Hamming distances of all other equal-length sequence pairs

in the two classes (a(3), b(3)) and (a(3′),b(3
′)) must be no less than d(aK2, bK2).

This completes the proof of the lemma under 2�1 = �2, and hence such a situation

can be excluded in the subsequent analysis.

Consider the two cases of �1 > 1
2
�2 and �1 < 1

2
�2. In both cases, we have

(m2, n2) = (2, 1) since �1 < �2, and

aK2 = c1 c1c2︸︷︷︸
aK1

= c1aK1 and bK2 = c2c1︸︷︷︸
bK1

c1 = bK1c1.

13



• When 2�1 > �2, we can sub-divide the two remaining classes of (a(3), b(3))

and (a(3′), b(3
′)) in Step 2 into six (possibly, overlapping) sub-classes as

follows.2{
a(4) = c1c1x2· · · ·· xic2
b(4) = c2c1y2· · · yj−1c1c1

{
a(4′)= c1c1x2· · · xi−1c1c1
b(4

′)= c2c1y2· · · ·· yjc2{
a(5) = c1c1x2· · · xi−1c1c2
b(5) = c2y1· · ··· yj−1c1c1

{
a(5′)= c1c1x2· · · xi−1c1c1
b(5

′) = c2y1 ·· · · · yj−1c1c2{
a(6) = c1c1x2· · · xi−1c2c2
b(6) = c2c2y2· · · yj−1c1c1

{
a(6′)= c1c1x2· · · xi−1c1c1
b(6

′)= c2c2y2· · · yj−1c2c2

where we use green-colored c1 and c2 to indicated the newly constrained

codeword here.

It can be easily seen that the sub-classes of (a(4), b(4)), (a(5), b(5)) and

(a(6), b(6)) enumerate all sequence pairs in class (a(3), b(3)). Similarly, the

sub-classes of (a(4′), b(4
′)), (a(5′), b(5

′)) and (a(6′), b(6
′)) exhaust all sequence

pairs in class (a(3′), b(3
′)).

By definitions of the above six sub-classes, we can exclude four sub-

classes when dfree(C) is concerned, because

d(a(4), b(4)) ≥ d(aK2, bK2), d(a(4′), b(4
′)) ≥ d(aK2, bK2)

d(a(5), b(5)) ≥ d(aK2, bK2), d(a(5′), b(5
′)) ≥ d(aK2 , bK2). (3.4)

Thus only two sub-classes (a(6), b(6)) and (a(6′), b(6
′)) remain.

If f > 3, then we shall have (m3, n3) = (2, 2), and

aK3 = c1c1c2︸ ︷︷ ︸
aK2

c2 = aK2c2 and bK3 = c2 c2c1c1︸ ︷︷ ︸
bK2

= c2bK2 .

• When 2�1 < �2, we can again sub-divide the two remaining classes of

(a(3), b(3)) and (a(3′), b(3
′)) in Step 2 into six (possibly, overlapping) sub-

classes as follows.{
a(7) = c1c1c2x3 · · · ·· xic2
b(7) = c2y1 · · · · · · yj−1c1c1

{
a(7′)= c1c1c2x3 · · · xi−1c1c1
b(7

′)= c2y1 · · · · · · ·· yic2

2By following the same rule in Footnote 1, we add constraint c1 in b(4) = c2c1 · · · c1c1 since the
beginning portion of b(3), i.e., |c2| = �2, is shorter than that of a(3), i.e., |c1c1| = 2�1.
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{
a(8) = c1c1x2· · · · · · · · · xic2
b(8) = c2y1 ·· · · · yj−2c2c1c1

{
a(8′)= c1c1x2· · · xi−2c2c1c1
b(8

′)= c2y1 ·· · · · · · · ·yjc2{
a(9) = c1c1c1 x3· · · ·· · · · xic2
b(9) = c2y1 · · ··· · · · yj−2c1c1c1

{
a(9′)= c1c1c1 x3· · · xi−2c1c1c1
b(9

′)= c2y1 · · ··· · · · · · · yjc2

By a similar reasoning to (3.4), only sub-classes (a(9), b(9)) and (a(9′), b(9
′))

remain.

If f > 3, then we shall have (m3, n3) = (3, 1), and

aK3 = c1 c1c1c2︸ ︷︷ ︸
aK2

= c1aK2 and bK3 = c2c1c1︸ ︷︷ ︸
bK2

c1 = bK2c1.

Step 4. Continuing the previous procedure, we note that for 1 ≤ i < f , if mi�1 > ni�2,

then mi+1 = mi, ni+1 = ni + 1, and

aKi+1
= aKi

c2 and bKi+1
= c2bKi

;

in addition, the two sub-classes that remain can be formed by inserting a certain

number of codewords into aKi+1
and bKi+1

at the margin between all-c1 portion

and all-c2 portion for sub-classes a(X) and b(X), and by exchanging the ending

portions for sub-classes a(X′) and b(X
′), where X is a proper index number.

Else if mi�1 < ni�2, then mi+1 = mi + 1, ni+1 = ni, and

aKi+1
= c1aKi

and bKi+1
= bKi

c1 , (3.5)

and based on aKi+1
and bKi+1

in (3.5), the two sub-classes that remain are simi-

larly formed to the situation of mi�1 > ni�2.

Step 5. When i = f , we have

mf =
lcm(�1, �2)

�1
, nf =

lcm(�1, �2)

�2
,

and aKf
and bKf

are formed by connecting, respectively, mf of c1 and nf of c2.

The remaining two sub-classes from i = f − 1 are

a(X) = c1 · · c1︸ ︷︷ ︸

mf of them

xmf
· · ·xi−nf

c2 · · c2︸ ︷︷ ︸
nf of them

b(X) = c2 · · c2︸ ︷︷ ︸
nf of them

ynf
· · ·yj−mf

c1 · · c1︸ ︷︷ ︸
mf of them



a(X′) = c1 · · c1︸ ︷︷ ︸

mf of them

xmf
· · ·xi−mf

c1 · · c1︸ ︷︷ ︸
mf of them

b(X
′) = c2 · · c2︸ ︷︷ ︸

nf of them

ynf
· · ·yj−nf

c2 · · c2︸ ︷︷ ︸
nf of them
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The proof is completed by arguing that all equal-length sequence pairs from

the remaining two sub-classes must have their Hamming distances no less than

d(aKf
, bKf

) as mf�1 = nf�2 = lcm(�1, �2). �

3.2 Determination of dfree(C) for |C| > 2

We now turn to the determination of dfree(C) when the number of codewords in C is

exceeding two.

When computing the free distance of C, the key is to locate at least one equal-length

codeword-concatenation sequence pair (a, b) with their pairwise Hamming distance equal

to dfree(C). Different from the PDG search adopted in [5], we list all pairs of codeword-

concatenation sequences in a tree format. Constraints that help reducing considerably

the unnecessary searches over the tree will then be proved and applied.

The construction of the tree begins with
(|C|

2

)
= |C| (|C|−1)

2
root nodes. Without ambi-

guity, we will reserve the notations S1 and S2 to denote the two codeword-concatenating

sequences currently under manipulation. Then, Figure 3.1 illustrates a tree with
(
3
2

)
= 3

root notes (equivalently, three sub-trees) as |C| = 3, where the two bit streams in the

three root nodes are (S1,S2) = (c1, c2), (S1,S2) = (c2, c3) and (S1,S2) = (c1, c3).

We next extend from each of the root nodes the sequence with a shorter length by

concatenating it with a codeword. Thus, every node has |C| child nodes. For example,

since |C| = 3 in Figure 3.1, each root node has three child nodes.

When the lengths of the two sequences in a node are equal, no further extension will

be performed. For example, in Figure 3.1, the nodes without color-blue shading are no

longer extended and hence have no child nodes. In the sequel, we will conveniently use

the two sequences contained in a node to index and refer to the node.

The first property we derive to speed up the tree search is that it suffices to consider

the indecomposable equal-length sequence pairs for the determination of dfree(C), for which

the definition is given below.

Definition 1 (Indecomposable equal-length sequence pair). A pair of sequences a =
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Figure 3.1: Example of a search tree for C = {c1 = 0, c2 = 10, c3 = 111}. The nodes
without color-blue shading contain two equal-length sequences and hence have no child
nodes.

x1x2 · · ·xm and b = y1y2 · · ·yn with xi, yi ∈ C forms an indecomposable equal-length

sequence pair if
m∑
i=1

|xi| =
n∑

i=1

|yi|

and
m′∑
i=1

|xi| �=
n′∑
i=1

|yi| for every 1 ≤ m′ < m and 1 ≤ n′ < n.

As anticipated, the seven sequence pairs (aKi
, bKi

), 1 ≤ i ≤ 7, in Example 1 are all

indecomposable equal-length sequence pairs.

Lemma 2. When computing the free distance of C, it suffices to consider only indecom-

posable equal-length sequence pairs.

Proof. If (a, b) = (x1x2 · · ·xm,y1y2 · · ·yn) is an equal-length sequence pair but not in-

17



decomposable, there must exist m′ and n′ with m′ < m and n′ < n such that

m′∑
i=1

|xi| =
n′∑
i=1

|yi|.

Since

d(x1x2 · · ·xm′ ,y1y2 · · ·yn′)

≤ d(x1x2 · · ·xm′ ,y1y2 · · ·yn′) + d(xm′+1 · · ·xm,yn′+1 · · ·yn)

= d(x1x2 · · ·xm,y1y2 · · ·yn) = d(a, b),

excluding (a, b) in the tree search will not compromise the identification of dfree(C). The

lemma therefore holds.

It could happen that the tree is extended indefinitely. For example, when a node

consists of two unequal-length sequences S1 = x1x2 · · ·xm−1 and S2 = y1y2 · · ·yn−1,

and there exist xmxm+1 · · ·xM and ynyn+1 · · ·yN satisfying
∑M

i=m |xi| =
∑N

j=n |yj|, an

indefinite extension occurs if

m′∑
i=1

|xi| �=
n′∑
i=1

|yi| for every m ≤ m′ ≤ M and n ≤ n′ ≤ N.

In such case,

S ′

1 = x1x2 · · ·xm−1 xmxm+1 · · ·xM︸ ︷︷ ︸
periodic pattern

xmxm+1 · · ·xM︸ ︷︷ ︸ · · ·xmxm+1 · · ·xM︸ ︷︷ ︸;
S ′

2 = y1y2 · · ·yn−1 ynyn+1 · · ·yN︸ ︷︷ ︸
periodic pattern

ynyn+1 · · ·yN︸ ︷︷ ︸ · · ·ynyn+1 · · ·yN︸ ︷︷ ︸
will always be an offspring node of (S1,S2) to be extended further.

In order to prevent such an indefinite node extension from happening, and also to

speed up the algorithm, a stoping criterion based on the so-called converge distance and

divergence distance [2] is provided and proven in the next lemma.

Definition 2 (Converge distance and divergence distance). For any sequence pair S1 and

S2 with |S1| ≤ |S2|, the converge distance dC(S1,S2) is defined as

dC(S1,S2) � d(S1,S2′), where |S1| = |S2′ | and S2′ is a suffix of S2.

Similarly, the diverge distance dD(S1,S2) is defined as

dD(S1,S2) � d(S1,S2′′), where |S1| = |S2′′ | and S2′′ is a prefix of S2.
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Lemma 3. Let Dmin -C be the minimum converge distance among all root nodes. Denote

by tmp-dfree the smallest Hamming distances among all nodes that have been visited thus

far by a tree search process, and that contain an equal-length sequence pair. If

dD(S1,S2) +Dmin -C ≥ tmp-dfree, (3.6)

then the removal of node (S1,S2) will never compromise the finding of dfree(C).

Proof. Without loss of generality, we assume that at least one equal-length sequence pair

has been visited by the tree search process such that tmp-dfree is finite.

Since any offspring node (S′
1,S

′
2) of the node (S1,S2) must satisfy

d(S′
1,S

′
2) ≥ dD(S1,S2) +Dmin -C,

provided |S′
1| = |S′

2|, and since the search process has already identified a pair of candidate

sequences whose pairwise Hamming distance is equal to tmp-dfree, we have

d(S′
1,S

′
2) ≥ tmp-dfree ≥ dfree(C).

Consequently, further extension of node (S1,S2) will never yield a pair of equal-length se-

quences with their pairwise Hamming distance less than tmp-dfree. Its removal, therefore,

will never compromise the finding of dfree(C).

In general, the diverge distance is increasing along a path of the tree to be constructed,

and hence (3.6) is expected to be ultimately violated. However, in an unusual situation,

it could happen that the two sequences

S ′

1 = x1x2 · · ·xm−1 xmxm+1 · · ·xM︸ ︷︷ ︸
periodic pattern

xmxm+1 · · ·xM︸ ︷︷ ︸ · · ·xmxm+1 · · ·xM︸ ︷︷ ︸;
S ′

2 = y1y2 · · ·yn−1 ynyn+1 · · ·yN︸ ︷︷ ︸
periodic pattern

ynyn+1 · · ·yN︸ ︷︷ ︸ · · ·ynyn+1 · · ·yN︸ ︷︷ ︸
have the same diverge distance as S1 = x1x2 · · ·xm−1 and S2 = y1y2 · · ·yn−1. Hence,

(3.6) is always valid, and fails to stop the indefinite extension. Since such an unusual

situation only occurs when the diverge distance remains constant along a path of the tree,

a counter λ to record the number of extensions without increasing the diverge distance
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is maintained at each node. Whenever λ > 0, a periodic-pattern locating procedure is

launched, and the node will be removed if periodic patterns xm · · ·xM and yn · · ·yN are

located.

We summarize the constrained tree search (CT) algorithm for finding dfree(C) as fol-

lows.

Step 1. Initialization of root nodes.

Generate
(|C|

2

)
root nodes, each of which stores one combination of two distinct

codewords. Compute the minimum converge distance Dmin -C of these root nodes.

Set the constant-diverge-distance counter λ = 0 for each root node, and initialize

tmp-dfree =∞.

Step 2. Check the nodes with equal-length sequence pair.

For each node (S1,S2), do the following check.

If |S1| = |S2| and d(S1,S2) < tmp-dfree, then tmp-dfree ← d(S1,S2).

Remove all nodes with an equal-length sequence pair.

Step 3. Check the constraint in Lemma 3.

For each node (S1,S2), if dD(S1,S2) +Dmin -C ≥ tmp-dfree, remove this node.

Step 4. Check whether a constant-diverge-distance periodic pattern exists.

For each node (S1,S2) = (x1x2 · · ·xM ,y1y2 · · ·yN), do the following check.

If its associated constant-diverge-distance counter λ > 0, then initialize I = J =

1 and repeat the following procedure until either
∑I−1

i=0 |xN−i| =
∑J−1

j=0 |yM−j| or

I + J > λ.

Repetitive Procedure: If
∑I−1

i=0 |xN−i| >
∑J−1

j=0 |yM−j|, then set J ← J + 1;

else if
∑I−1

i=0 |xN−i| <
∑J−1

j=0 |yM−j|, set I ← I + 1.

If there exists one (I, J) satisfying
∑I−1

i=0 |xN−i| =
∑J−1

j=0 |yM−j | and I + J ≤ λ,

20



then set {
S′

1 = S1 and S′
2 = S2 yN−(J−1) · · ·yN , when |S1| > |S2|;

S′
1 = S1 xM−(I−1) · · ·xM and S ′

2 = S2, when |S1| < |S2|,

and remove the node (S1,S2) when dD(S
′
1,S

′
2) = dD(S1,S2).

Step 5. Check the number of remaining nodes.

If there are no nodes remaining, set dfree(C) = tmp-dfree and stop the algorithm.

Set the node with the minimum diverge distance as a parent node and extend it

by attaching the shorter sequence with a codeword from C. There are |C| child

nodes generated.

If the diverge distance of a child node is the same as that of the parent node, set

λchild = λparent + 1; else λchild = 0, where we use λchild and λparent to denote the

λ-counters associated with the child node and the parent node, respectively.

Remove the parent node and go to Step 2.
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Chapter 4

Numerical Examinations

In this chapter, the complexity as well as the execution time of the proposed tree

search algorithm will be examined and compared with that of the PDG search algorithm

in [5].

4.1 Computations of Bitwise Distances

When computing the free distance of a VLECPC, the operation that is performed most

often in the computation of the Hamming distance between two distinct equal-length

sequences a = (a1, a2, . . . , ak) and b = (b1, b2, . . . , bk). Since the Hamming distance of

two equal-length sequences a and b is commonly implemented via component-wise XOR

operations as:

d(a, b) =
k∑

i=1

ai ⊕ bi,

it is justifiable to adopt the number of XOR operations performed as a measure for the

key complexity of a dfree(C)-determining algorithm.

For the PDG search algorithm, this complexity measure is exactly the number of

product transitions it traverses. For the proposed tree search algorithm, this complexity

measure is contributed from the computations of diverge and converge distances at each

step. For convenience of comparing their complesities, we can equivalently mark those

XOR operations performed by the proposed tree search algorithm over the PDG. Take

C = {c1 = 00, c2 = 011, c3 = 1001} as an example, where the corresponding PDG is

plotted in Figure 4.1. In this figure, the dotted blue lines represent the product transitions
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with output bit 0, while the solid red lines have output bit 1. In Figure 4.2, we use

translucent think green lines to mark the product transitions that Dijkstra’s algorithm

traverses, and there are 22 marked product transitions. We also equivalently mark in

translucent think green lines those product transitions that the proposed tree search

algorithm traverses in Figure 4.3, and there are only 16 marked product transitions. This

simple example then indicates that the proposed tree search algorithm is more efficient

than the PDG search algorithm in [5].

4.2 Simulation Results Upon VLECPCs for 26 En-

glish Alphabet Sources

Based on the chosen complexity measure, simulations based on VLECPCs that are

algorithmically constructed for 26 English alphabet sources subject to free distance bounds

of 3, 5, 7 and 9 [1, Tab. II] are conducted. In order to have an accurate estimate of

execution time, the determination of dfree(C) is repeated 1000 times for each VLECPC

and the overall time required is recorded. The simulation results are summarized in

Table 4.1.

Figure 4.1: PDG of C = {c1 = 00, c2 = 011, c3 = 1001} .

It can be observed from Table 4.1 that the number of XOR operations required by

the proposed tree search algorithm is considerably smaller than that by the PDG search

algorithm. The additional overhead due to system maintenance for the proposed tree

search algorithm is also seemingly smaller when comparing the execution times of both
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Figure 4.2: PDG of C = {c1 = 00, c2 = 011, c3 = 1001}. The product transitions that
Dijkstra’s algorithm traverses are highlighted.

Figure 4.3: PDG of C = {c1 = 00, c2 = 011, c3 = 1001}. The product transitions that the
proposed tree search algorithm traverses are highlighted

Table 4.1: Numbers of visited nodes, XOR operations and execution times for the pro-
posed tree search algorithm and the PDG search algorithm

# of visited nodes # of XORs Execution time Dmin -C

Tree search (d∗free = 3) 47 4326 0.031 seconds
PDG search (d∗free = 3) 4468 8840 2.765 seconds

1

Tree search (d∗free = 5) 78 5942 0.046 seconds
PDG search (d∗free = 5) 16852 23487 9.891 seconds

2

Tree search (d∗free = 7) 82 7064 0.053 seconds
PDG search (d∗free = 7) 26580 33242 16.089 seconds

3

Tree search (d∗free = 9) 115 8804 0.068 seconds
PDG search (d∗free = 9) 48396 58026 29.068 seconds

4

algorithms. Note that the PDG search algorithm implemented here is not the original

one in [5], where the search of dfree(C) is conducted after the construction of the entire

PDG, but an improved version of it, where nodes over the PDG are extended only when

the computation of the respective bit-wise distance is required.
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Another important factor that also affects the efficiency of an algorithm is the memory

consumption. The number of visited nodes in a PDG as well as that during the proposed

tree search thus should be considered. We record the numbers of visited nodes in both

the PDG search and tree search algorithms in Table 4.1. It can be observed from this

table that the number of visited nodes in the proposed tree search algorithm is signif-

icantly smaller than that required by the PDG search algorithm. We conclude that as

the execution time is approximately proportional to the number of visited nodes in both

algorithms, the superiority in algorithmic efficiency of the proposed tree search algorithm

is not just in its metric computations but also on the significant reduction in its memory

consumption.

It is worth mentioning that the superiority of the proposed tree search over the

PDG search is mainly due to the effectiveness of the node removal through (3.6). This

observation can be more easily seen by highlighting those edges over the PDG that

are “equivalently” XOR-operated by the proposed tree search. Based on the PDG for

C = {c1 = 00, c2 = 011, c3 = 1001}, Dijkstra’s algorithm is adopted to determine dfree(C)

in [5], where only 22 XOR operations are needed as shown in Fig. 4.4(a). The proposed

tree search reduces the XOR operations down to 16 as shown in Fig. 4.4(b), where seven

XOR operations are saved owing to (3.6) but one XOR operation is added because our dis-

tance computation is codeword-based and hence the XORs corresponding to a codeword

must be all included.

It needs to be pointed out that ifDmin -C = 0, (3.6) becomes ineffective in node removal,

and the number of XOR operations required by the proposed tree search algorithm may

become larger than that of the PDG search. Examples are given in Table 4.2, where two

VLECPCs with Dmin -C = 0 are examined. The resulting execution times of the proposed

tree search algorithm, however, are still no larger than that of the PDG search. It can be

noted from the two VLECPCs in Table 4.2 that Dmin -C = 0 occurs only when a codeword

is a suffix of another codeword, which is generally uncommon in most VLECPC designs.
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(a) XORs by Dijkstra’s algorithm (b) XORs by the proposed algorithm

Figure 4.4: PDG for C = {c1 = 00, c2 = 011, c3 = 1001}. The red solid arrow and the
blue dotted arrow correspond to the PDG edge labels of 1 and 0, respectively. The XOR
operations taken by an algorithm is highlighted using a translucent green color.

Table 4.2: Examples with Dmin -C = 0, where C1 = {c1 = 01, c2 = 001, c3 = 1110} and
C2 = {c1 = 0000111, c2 = 011000000111, c3 = 000100101100000}

# of visited nodes # of XORs Execution time Dmin -C

C1 Tree search 14 49 0.015
PDG search 19 33 0.015

0

Tree search 62 443 0.020
C2 PDG search 283 299 0.052

0
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Chapter 5

Conclusion

In this thesis, how to efficiently determine the free distance of a VLECPC was inves-

tigated. For VLECPCs with only two codewords, the number of candidate equal-length

codeword-concatenation sequence pairs that possibly decide the free distance was formu-

lated as a function of the two codeword lengths, where these candidate sequence pairs

were explicitly listed. For VLECPCs with more than two codewords, a tree search algo-

rithm with effective constraints to eliminate unnecessary nodes based on the converge and

diverge distances were proposed. Numerical results for VLECPCs that were designed for

26-alphabet English sources showed that our tree search algorithm is much more efficient

than the state-of-the-art techniques such as applying Dijkstra’s algorithm over the PDG.

A future work is to improve the efficiency of the algorithmic VLECPC construction,

e.g., in [1], hoping to obtain a better VLECPC than existing ones. Alternatively, extension

of the proposed algorithm to acquire the distance spectrum of a VLECPC is also a future

work of general interest.
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